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Résume :

La présente étude discute deux modeles mathématiques généraux non-
linéaires.

Le premier travail développe un modele mathématique fractionnaire avec
fonction d'incidence général et un retard d'application au COVID-19 en Algérie,
suite a la maladie provoquée par I'épidémie du nouveau coronavirus apparue
en Chine au mois de décembre 2019. Analytiquement, les propriétés
fondamentales de la solution sont établies et évoquées. En utilisant la théorie
des dérivées d’ordre fractionnaire, la stabilité de I'équilibre a été analysée.
Pour étayer les résultats analytiques, des simulations numériques sont
effectuées pour identifier les facteurs qui affectent de maniere significative la
capacité de la maladie a se propager. Le logiciel Matlab a été utilisé pour les
simulations numériques.

Dans le deuxieme travail, pour explorer le comportement de la solution ou la
fonction d'incidence est plus générale, un modele épidémique fractionnaire
SEIR sensible, exposé, infecté est présenté avec un taux d'incidence général
non linéaire a été présenté, ou la dérivée est le sens de Caputo. Apres avoir
prouvé les propriétés fondamentales de la solution telles que I'existence et la
positivité, nous utilisons l'approche matricielle de nouvelle génération pour
obtenir la valeur du numéro de reproduction de base noté .~7p. Nous
démontrerons que si . #p est inférieur a un, alors il existe un équilibre unique
sans maladie qui est a la fois localement asymptotiqguement stable en utilisant
les outils théoriques du calcul fractionnaire, lorsque .7>1 ['équilibre
endémique est localement asymptotiquement stable. De plus, en utilisant une
fonction de Lyapunov adaptée, nous prouverons la stabilité globale de
I'équilibre sain et établirons des exigences suffisantes pour les deux points
d'équilibre. Enfin, nous fournissons quelques simulations numériques pour
démontrer nos principales conclusions.

Mots clés : L'ordre fractionnaire, le modele épidémique, I'analyse de stabilité,
le retard, les simulations numériques.



Abstract

In this study, two general nonlinear mathematical models was discussed.

The first work develops a fractional mathematical model with general incidence
rate and time delay in application to COVID-19 in Algeria owing to the disease caused
by new coronavirus pandemic that emerged in China in December 2019. Analytically,
the well-posedness of this model is established and discussed. Using the theory of
fractional order derivative, the equilibrium stability was analyzed. In order to support
analytic results, numerical simulations were carried out to identify the factors that
significantly affect the disease’s ability to spread Matlab software was used for the

numerical simulations.

In the second work, to explore the behavior of the solution where the incidence
function is more general, a fractional Susceptible, Exposed, Infected and Recovered
SEIR epidemic model has been presented, where the derivative is the sense of Caputo.
After proving the basic proprieties of the solution, we use the next generation matrix
approach to get the value of the fundamentalreproduction number noted %,. We
will demonstrate that if %, is smaller than one, then there exists a unique disease-
free equilibrium that is both locally asymptotically stable by using the theory tools of
fractional calculus, but when % > 1 the endemic equilibrium is locally asymptotically
stable. Furthermore, using a suitable of Lyapunov function, we will prove the global
stability of the healthy equilibrium and establish sufficient requirements for both
equilibrium point. Finally, we provide some numerical simulations to demonstrate

our main findings.

Keywords: Fractional order derivative, Epidemic model, Stability analysis, the

time delay, Numerical simulations.
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Notations

1. Let Q =[a,b](~o0o <a<b<oo)and 1 < p <oo. For 1 < p < oo, LP(Q) is the set

of measurable function f : (2 — R where flf(x)|pdx < o0.
0
2. For p = 00, L*(Q)) is the set of measurable function such that f is bounded every

where in Q).

3. I gamma function.

. E, Mittag-Leffler function with one parameters.

. E, p Mittag-Leffler function with two parameters.
. I¢ fractional integral of f of order a.

. D¢ fractional derivative in the Caputo sense.

. N the set of positive integer numbers.

O 00 NN O U1 =

. R the set of real numbers.
10. R, The set of positive reals numbers.
11. Re(z) real part of number z.
12. C(A; B) the set of continuous function from A to B.
13. |x| = '£1Xi (norm in R") .
i

) 1
Let ||x|| = ( Y x,f)2 the norm of x = (x1,x,)T € R%. Let Q) be an open and bounded set in
k=1

R with smooth boundary Q) and mes Q > 0; 0 = (0,0) e R?, E = C(Q;R),Q = QU 9Q.
Let (E,||.||) be a Banach space. denoted by C, = C([-7,0;E) = {v : [-7,0] — E} the
Banach space equipped with the norm ||v[|c, = max{||v||: t € [-7,0]}, C7 be the positive

cone of C,.
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GENERAL INTRODUCTION

The study of infectious disease transmission is an aspect of epidemiology in an individual
and the features leading to their incidence respectively. Numerous writers employed
mathematical models to identify the most successful control strategies. [L6)]

42} (43, [45, 150,

Since time delays are utilized to explicate observed oscillations and represent
biological realities like immunity and the disease’s latent period, they are frequently
and significantly used in epidemic disease modeling. As a case study, the Time delays

used to proved the intervals throughout which immune-compromised individuals

recover (9], [17] (18], [23], 28], 33}, [44] [47] [48], 51]].

It is worth noting that the majority of previous works have concentrated on
epidemic models of integer-order derivatives type. Recently, it was proved [20], using
the fractional order derivative, the initial values have the same form as that for integer
order differential equations which is more applicable for mathematical modelling.
Furthermore, fractional derivative include the memory and genetic effects that play a
crucial part in the spread of infectious diseases and makes the situation more plausible.
In the authors proposed a fractional mathematical model of typhoid fever disease.

The modelling of epidemic models using fractional order derivative is discussed for

example in [8 23], 25|, [31], 135} 37, [50]].

The delay to fractional-order disease’s incubation period that should be considered

12



List of Tables

in the epidemic model. Naresh et al. [33]] examined how a dynamically behaving of a
delayed fractional order epidemic model with bilinear functional response. Kumar &
Erturk [23] proposed a fractional mathematical model with delay to study the COVID-
19 epidemic in China. They used the fractional operator Liouville-Caputo approach.
Danane et al. [7]Jcreated a mathematical modelfor describing of COVID-19. Different
other types of fractional-order epidemic systems with delays was considered in [1},22]

40}, [47], 145, [50].

Following these works, we investigate the qualitative behaviour of a class of
fractional SEIR epidemic models with a more general incidence rate function and
time delay to incorporate latent infected individuals. We first prove positivity and
boundedness of solutions of the system. The basic reproduction number R of the
model is computed using the method of next generation matrix and we prove that if
Ry < 1 the healthy equilibrium is locally asymptotically stable and when Ry > 1 the
system admits an unique endemic equilibrium which is locally asymptotically stable.
Moreover, using a suitable Lyapunov function and some results about the theory of
stability of differential equations of delayed fractional order type, we give a complete
study of global stability for both healthy and endemic steady states. The model is
used to describe the COVID-19 outbreak in Algeria at its beginning in February 2020.
A numerical scheme [3]], based on Adams-Bashforth-Moulton method, is used to run
the numerical simulations and show that the number of new infected individuals will
peak around late July 2020. Further, numerical simulations show that around 90%
of population in Algeria will be infected. Compared with WHO data our results are
much more close to real data. Our model with fractional derivative and delay can
then better fit the data of Algeria at the beginning of infection and before the lock and

isolation measures [38].

In chapter 3, the delayed fractional epidemic SEIR model with diffusion and general
incidence function has been presented. First, we have proving the non-negativity
and boundlessness of solution using the tools of fractional calculus. Next, the basic

reproduction number is determined using the approach of next-generation matrix. If
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Py < 1 we will demonstrate the local stability of free-steady states for 7 € [0,7") and
will investigate of existence of Hopf bifurcation when 7 = t*. For %, > 1 we will prove
the local stability of the endemic equilibrium point with and without time delay r and
for critical value of T = 7. Finally, Using the Lyapunov direct method we will prove
the global stability of the free-steady states and we will give some sufficient conditions

to establish the global stability of endemic equilibrium.
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CHAPTER

PRELIMINARIES

1.1 Recall of differential equations ordinary

Definition 1.1.1 Let U CR,V CR" and Y CR¥. Suppose that f : UxV x Y — R" isa

smooth function. An ordinary differential equation is an equation of the form
o= f(tx)) (1.1)

where the dot denotes differentiation with respect to the independent variable t, the dependent

variable x is a vector of state variables and ) is a vector of parameters.

The highest derivative appearing in f is called the order of differential equation.
Types of differential equations :

Differential equations can be classified : autonomous deferential equation when the
function x does not depend explicitly on the independent variable. But, when the
function f does depend explicitly on ¢, then the corresponding differential equation is
called non-autonomous

The system of ordinary differential equations is given by

x(lk) = fi(t,x,x1,x(?),  xk=1)y
xﬁzk) = fn(t,x,x(l),x(z),...,x(k_l)),

15



Chapter 1. Preliminaries

A matrix all whose eigenvalues satisfy Re(a;) <0 is also known as a Hurwitz matrix.
The Routh-Hurwitz criterion states that a real matrix is Hurwitz if and only if the

following determinants are strictly positive

a 1 0 0 0 0 .- 0
as an a 1 0 0 - 0

det . . . . _ >0
Agk-1 Q2k-2 a2k-3 Q2k-4 A2k—5 42k-6 - 4k

for 1 <k < n. Here the numbers 4; are the coefficients of the characteristic polynomial
of A

det(x] —A) =x"+a;x" T +a,x" 2+ ... +a, | x+a,.
and a; > 0 for j > n.

Definition 1.1.2 A fixed point xq of f(x) is called stable if for any given neighborhood
Ulxg) there exists another V(xy) C U(xq) such that any solution starting in V(xq) remains

in Ul(xg) for all t > 0. A fixed point which is not stable will be called unstable.

Definition 1.1.3 The gamma function I'(x) is defined by

T(x)= [, e dt (1.2)

Definition 1.1.4 The Laplace transform of a function f(t) of a real variable t € R is
defined by
(Lf)s)= [, e f(ndt (seC (1.3)

1.2 Stability of Lyapunov direct method

let us consider the autonomous differential equation

X o= f(x) (1.4)

defined on an open set U C R" and its flow ¢;.

page 16



1.2. Stability of Lyapunov direct method

Definition 1.2.1 (Stability) We state that the equilibrium point x of the differential equation

(1.4) is stable, if for each € > 0, there is a number o > 0 such that

| (x) — xo| < € for all t > 0 whenever |x — xy| < 0.

Definition 1.2.2 (Asymptotically stable) A solution t — @4(x) of the differential equation

(1.4) is asymptotically stable if it is stable and there is a constant € > 0 such that

lim;_ oo |9 (x) — @i (x0)| = 0 whenever |x — x| < €.
Definition 1.2.3 A solution that is not stable is called unstable.

Definition 1.2.4 Let be x,xy € R" and U CR is an open set with xy € U.
The function V : U — R is called a Lyapunov function for the differential equation (1.4)

at xq provided that
i) V(xg)=0.
ii) V(x)>0 for x € U—{xp}.

iii) the function x —> gradV (x) is continuous for x € U —{x,} and on this set V(x) =

gradV(x).f(x) <0.
in addition if,
iv) V(x)<0 forxeU~—{xg}.

the V is called a strict Lyapunov function.

1.2.1 Ordinary differential equations with delay

Suppose T > 0 is a given real number, R = (—oo, ) the set of the real number, R” is an
dimensional linear vector space over the reals with the norm |.| . C = C([-7,0],R") is
the Banach space of continuous functions mapping the interval into with the topology
of uniform convergence |.| = sup [p(0)|.

-1<0<0
The retarded functional differential (denotes RFDE) equation is given by

x(t):f(t,x(t),xt), (1'5)

page 17



Chapter 1. Preliminaries

where 7 > 0 and f : R” — R is continuous. x; € C defined for 6 € [-7;0],t € [s;s +
A],A>0,s€R by
xp = x(t+0), (1.6)

For a ¢ : [-5;0] — R one would certainly want ¢ to satisfy enough smoothness
conditions to ensure that finding a solution of equation (1.4) for t > s satisfying x(s +

0) = (0),-s <6 <0, would be equivalent to finding a solution of the integral

t

x(t):(p(0)+sff(cf,x(£),x(cf—T))dcf, t>s 1.7)

xX(s+60)=¢(0), -T1<6<0.

Theorem 1.2.1 [13|] Suppose Q) is an open set in in RxC, f : () — R" is continuous, and
f(t, ) is Lipschitizian in ¢ in each compact set in Q. If (s, ) € Q, then there is a unique

solution of equation through (s, ).

Definition 1.2.5 [13]] We say that V : C — R is a Lyapunov on a set G in C relative to

equation (1.4), if V continuous on G, the closure of G, and V. <0 on G. Let

S ={peG(p)=0},

M = Largest set in S that is invariant with respect to equation (1.4).

(1.8)

Theorem 1.2.2 [13l]] Suppose f : O — R" takes Rx(bounded sets of C) into bounded sets
of R". U,V,W :R" — R* are continuous non decreasing functions, u(&) and v(&) are
positive for & > 0, and u(0) = v(0) = 0. If there is a continuous function V : RxC — R
such that

U(lp(0)) < V(t,¢) < Ullpl), (1.9)
<

Vet @) < =W(lp(0)],
then the solution x = 0 of equation (1.4) is uniformly stable. If u(&) — oo as s — oo, the
solution of equation (1.4) are uniformly bounded . If W(E) > 0 for s > 0, then the solution

x = 0 is uniformly asymptotically stable.
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1.2. Stability of Lyapunov direct method

1.2.2  Fractional differential equations

In this subsection, we recall some definitions and lemmas about fractional calculus,
which will be used in deriving the main results where the derivative is the sense of the

Caputo.

Definition 1.2.6 [36]] The Caputo fractional derivative of order a > 0 for a function f €
C"(*,R) is defined as

ariy L O
D= F(n—a)J; (t—s)a-n+l s,

where n is a positive integer such that a € (n—1,1]. Also, the corresponding fractional

integral of ordre @ with Re(a) > 0 is given by

04 1 ' a—
18 f(t) = Wfo (- 5)" f(s)ds,

where I'(.) is the Gamma function.

Proposition 1.2.1 [11l] Let f,g : [a,b] — R be such that D f(t) and D®g(t) exist almost

everywhere and let ay,a, € R. Then D%(ay f(t) + a,g(t)) exists almost everywhere, and

D%(ay f(t) +ax8(t)) = ay D f () + ap Dg(t).
Further, the Caputo fractional derivative for a constant function is zero.

Lemma 1.2.1 [34] Suppose that f € C[a,b] and D f € C[a,b] with 0 < a < 1. Then there

exists &(x) € [a, x], such that

f(x)=f(a)+1Daf(&)(x—a)e.

Based on the previous Lemma we have the following corollary.

Corollary 1.2.1 Suppose that f € C([a,b]) and D f (t) € C([a, b]).
For0<a <1,if Df(t) > 0,(resp,D*f < 0) Vt € (a,b), then f(t) is nondecreasing (resp,

nonincreasing) for each t € [a, b].
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Chapter 1. Preliminaries

Definition 1.2.7 The constant point x* is an equilibrium point of the Caputo-fractional

model

D¥x(t) = f(t,x(t)),

if and only if f(t,x*) =0 for all t > 0.

Lemma 1.2.2 [25] Let a € (0,1) and consider a continuous function x : [ty,00) — R

satisfying the following condition
D(t)+ux(t)<v, t4=20, pveR, u=0.
Then, we have the inequality

x(t) < <xo—£>Ea[—ﬂ<t—to>“]+ %

forall t > to, where E, is the Mittag-Leffler function of one parameter defined by

00 tk
Ea(f) = ;)’m

We can now state the following existence result for fractional order equations.

Lemma 1.2.3 Let f : [ty,00) x Q —> R" be a function satisfying the Lipschitz condition on

x and consider the following fractional order equation

Dex(t) = f(t,x(t), t >0, ae(0,1],

with the initial condition x(ty) = xo. Then the above system has a unique solution.

Lemma 1.2.4 [§] Let x* € QQ C R" be an equilibrium point of the system

Dex(t) = f(t,x(1), t>to,
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1.2. Stability of Lyapunov direct method

and let V(t,x): [tg,00) x Q) —> R be a continuously differentiable function such that

Wi(x) < V(t,x) < Wy(x),
DYV (t,x) < —W3(x),

fort > tgand x € QQ, where W;(x), i = 1,2,3 are continuous and positively defined functions

on Q). Then x* is uniformly asymptotically stable.

Proposition 1.2.2 [2|] Consider the following fractional system

(1.10)

)

jS)
A

=
I

2(xv), 0<a<l,
where the fractional derivative is the sense of Caputo. The equilibrium point X* = (x*,*)T

of system is the solution of

fx,p7) =g(x", ) = 0. (1.11)

X" is locally asymptotically stable if all the eigenvalues of Jacobian matrix satisfies

larg(A)] > &*. (1.12)

Put P(A) the characteristic polynomial of linearized system of
PN =A"+a A" L a2+ +a, (1.13)

for n =2, the conditions for are either Routh-Hurwitz conditions if

> arn

a; < 0, 4612 > (611)2, >

ai

tan-! ( 432-(“1)2)

Let f be a continuous function on Ll([a,b],R), a fractional integral of order in the

Riemann-Liouville sense corresponding to, a fractional integral of order a € (0,1) in
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the Riemann-Liouville sense corresponding to t defined by

19F(t) = w5 [y (=)7L F(s)ds, (1.14)

where integral on right side is point wise defined on (0, o).

Lemma 1.2.5 [5] Let x € C(R,R*) be a continuous and differential function. Then, for any
t>0and 0<a <1
X

a o e X(E) "\,
DY x(t)—x"=x"In = )s(l—m)D x(t).

Theorem 1.2.3 [31l] The equilibrium solutions x* of the autonomous system

Dex(1) = f(x(1)), x(to) = xo, (1.15)

is locally asymptotically stable if all the eigenvalues A; of the Jacobian matrix evaluated at

the equilibrium points satisfy
larg(A;)] > %, 0<ax<l

Definition 1.2.8 [2]] The discriminate D(f) of a polynomial

f(x)=x"+ax" ' +ax" %+ ... +a,, (1.16)
is defined by
D(f) = (-1)"T R(P,P), (1.17)

where P’ is the derivative of P. If g(x) = x" + a1 x'™' + axx'=2 + .. + by, then R(f,g) is the
determinant of the corresponding Sylvester (n+1)® (n+1) matrix.
The determinant is very important to define the nature of the roots of f(x) =0. For n =3,

the characteristic equation takes the form

PA)=A3+a A2 +aA +as, (1.18)
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then,
D(P) = 18ayasas + (aya,)* — 4aza; — 4a3 - 27a3. (1.19)

Theorem 1.2.4 Let x* be a equilibrium point of system (1.9) and (1.17) his corresponding
characteristic polynomial, then
largA > 4F (1.20)
if one the following cases satisfies :
1 IfD(P)>0,a,>0,a3>0,aya,—as >0 (necessary and sufficient condition).
2 IfD(P)<0,a;>20,a,>0, a3 >0, (the condition (1.19) satisfied for a < %).
3 IfD(P)<0,a;>0,a,>0,aya,=as (the condition (1.19) satisfied for all a € [0,1)).

Lemma 1.2.6 [4] Let x(t) € R be a continuous and differential function. Then, for any

t>ty,0<a<1,and x>0, we have

DY (p(x(t)) < (1- 2 Dx (1), (1.21)
where "
¢wu»:x—X—‘[§%da (1.22)

with ¢ : R — R* is a differential and increasing function.

1.2.3 Fractional ordinary differential equations with delay

In this section, we outline a list of important notations, definitions, and lemmas that
will be used in our main results.

Consider the following initial value problem (1.22) for fractional delay differential
equation :

D% (t) = f(tx(t)x(t-1)), t>0,7>0,n-1<a<n (1.23)

x(t) = Q(t), —t<t<0.

where D%, denotes the Caputo derivative of order @. We can now state the following

existence result for fractional differential equations.
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Theorem 1.2.5 [6]] Let f : [0, T]xR"xR" — R" be a continuous function and satisfies the
following Lipschitz condition with respect to the second variable: there exists a non-negative

continuous function g: [0, T]xR" — R, such that

1f (8 x1,9) = f (8,22, D) < (1, 9)llxy = x|

forall t €[0,T],x1,x2,v € R". Then, the following delayed fractional problem
D%x(t) = f(t,x(t),x(t—7)), t€[0,T], a€(0,1]
with the initial condition
x(t) = p(t), t € [-7,0],
has a unique global solution u(., ) on the interval [-t, T].

Lemma 1.2.7 [9]Let >0, a €(0,1], A, Btwo (nxn) square matrices and ¢ € C ([-7,0];R").

Consider the linear fractional delayed differential system with the Caputo derivative

D%x(t) = Ax(t)+ Bx(t—1), t>0,
x(t) = @(t), t €[-7,0].

(1.24)

We define the characteristic equation of system (1.23) by

A(s) =det(s*I,—A—Be ") = 0.

If all the roots of the characteristic equation A(s) = 0 have negative real parts, then the zero

solution of system (1.23) is locally asymptotically stable.
Lemma 1.2.8 [9]

1. If all the eigenvalues A of the matrix M = A + B satisfy |arg(A)| > a5 and the
characteristic equation A(s) = 0 has a no purely imaginary roots for T > 0, then the

zero solution of system (1.23) is locally asymptotically stable.

T

2. Suppose T = 0. If all the eigenvalues A of M satisfy |arg(A)| > &, then the zero
solution of (1.23) is locally asymptotically stable.
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1.3. The basic reproduction number

Theorem 1.2.6 The Laplace transform of the Caputo-type fractional derivative of function
f(t) € C™([ty,00),R) is

FLDYf(t)} = S“F(s)—nis“—k_lfk(to), n—-l<a<n-1.
k=0

1.3 The basic reproduction number

A crucial idea in epidemiology is the fundamental reproduction number, also called
the basic reproduction number denotes R was first created for the study of demography
by Diekmann and Heesterbeek in[14] and Van den Driessche and Watmough. It is
now widely employed in the research of infectious diseases, and more recently in
models of in-host population dynamics, it used to gauge the risk of an epidemic or
pandemic in emerging infectious disease. Such that if Ry < 1, then on average an
infected individual produces less than one new infected individual over the course of
its infections period, witch implies that the disease equilibrium is locally asymptotically
stable and the epidemic can not invade the population, but when Ry > 1 each infected
individual produces, on average more than one new infection i-e the healthy equilibrium
is unstable and the disease can invade the population [43]]. As a general definition
of Ry " is the expected number of secondary individuals produced in a completely
susceptible population, by a typical infective indivudial " [43]], he depends by several

factors :
1. on the duration of the infectious period.
2. the probability of infecting a susceptible individual during one contact.
3. the number of new susceptible individuals contacted per unit of time.

This threshold behavior is the most important and useful aspect of the R concept.
In an endemic infection, we can determine which control measures, and at what
magnitude, would be most effective in reducing R below one, providing important
guidance for public health initiatives. The magnitude of R is also used to gauge

the risk of an epidemic or pandemic in emerging infectious disease. For example,
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the estimation of R was of critical importance in understanding the outbreak and

potential danger from severe acute respiratory syndrome.

Derivations of R from a deterministic model
1. Survival function

Consider a large population and let F(a) be the probability that a newly infected
individual remains infectious for at least time a. This is called the survival probability.
Also, let b(a) denote the average number of newly infected individuals that an infectious
individual will produce per unit time when infected for total time a. Then, R is given
by:
Ry = job(a)F(a)da, (1.25)
0

2. Next generation method

we use this method when the population is divided into discrete, disjoint classes.
In the next generation method, R is defined as the spectral radius of the next generation
operator. The formation of the operator involves determining two compartments,

infected and non-infected, from the model.

Let use assume that there are n compartments of which m are infected. We
defined the vector ¥ = x;,7 = 1,...,n, where x; denotes the number or proportion of
individuals in the i th compartments. Let F;(X) be the rate of appearance of new

infections in compartments 7 and

where

V*(X) : is the rate of the transfer of individuals into compartment i by all other means.

V() : is the rate of the transfer of individuals out of the i_;, compartments.
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The differences V; (¥) — V;"(%), gives the rate of change x;, it is assumed that
each function is continuously differential at least twice in each variable. Note that
F; should include only infection that are newly arising, but does not include terms
which describe the transfer of infectious individuals from one infected to another.
Assuming the F; and V; meet the conditions outlined in [10] [43] , we can form the
next generation matrix (operator) FV~! from matrices of partial derivative of F; and
V;. Specifically,

8Fl~ P 8V,~ X
F:[%] V=] ai;o)], (1.26)

where 7,7 = 1,...,m and x; is the disease-free equilibrium. The entries of Fv-1 give the
rate at which infected individuals in X; produce new infections in x;, times the average
length of time and individual spends in a single visit to compartment j, R is given

by the spectral radius (dominant eigenvalue) of the matrix FV 1.
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CHAPTER

STABILITY OF A

FRACTIONAL-ORDER SEIR

EPIDEMIC MODEL WITH
TIME DELAY AND GENERAL

INCIDENCE RATE

2.1 The model

Denote by N(t) the total population size at the time t. We assume that N(t) is divided
into four compartments which are : susceptible individuals S(t), exposed individuals
E(t), infected individuals I(t) and recovered individuals R(t) at a time ¢. The susceptible
class S consists of individuals who are at risk of catching infection due to close contact
with infected individuals. The exposed class E are revealed individuals, but not yet
infectious. The infected class I consists of individuals who have already caught the
disease, and they can transfer it to susceptible. The recovered class R consists of people
who were infected and are now well. Indicate by A the proportion of vulnerable people
recruited, u the overall death rate, 1 the mortality of infected people and y the rate at

move from the infected to the recovered compartment. The spreading behavior of the

A F(S(1),1(t) [—l F(S(t=1),I(t=1))e HT yI
] S E ] I R

o

Figure 2.1: The model schematic.
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disease is thus guided by the following delayed fractional system :

DES(t) = A= f(S(),1(t)) = uS(1),

DEE(t) = f(S(t),1(t)) = f(S(t=1), I(t = 7))e”" = pE(t), (2.1)
DeI(t) = f(S(t=7)I(t=71)e" = (u+n+y)I(t),

DER(t) = yI(t) = pR(t),

as well as D? is the Caputo fractional-order derivative with 0 < a < 1. The following

initial conditions are added to system (2.1).

S(0) = @1(0), E(0) = ¢2(0), 1(0) = ¢3(0), R(O) = ¢4(0), 0 €[-7,0], (2.2)

where ¢; € C([-7,0];R) are non negative such that ¢;(0) > 0 for i = 1, 2,3,4. We assume
that the incidence function f is always positive, continuous and satisfy forall S > 0,1 >

0 the following conditions [16]]

(H1) f(0,I)=f(S,0)=

(H2) ZB9_y,

(H3) 4D, (2.3)
(H4) W5”>o

(H5) ;%Jsa

The time delay 7 in this model symbolizes the period of incubation, and the term
f(S(t—1),I(t—7))e”#" indicates the people who were exposed at time t—7 and survive to
time t to time t. Denotes by C = C([-7,0];R) the Banach space of continuous functions
mapping the interval [-7,0] into R equipped with the sup-norm. The non-negative
cone of C is defined as C* = C([-7,0],R;). The phase space of system (2.1) is then
CxCxCxC. Because the variable has no bearing on the first and third equations E and

R. This subsystem is what the model can be simplified to

DES(t) = A= f(S(t),1(1) = puS (),
DEI(t) = f(S(t=1), I(t=7)e™ = (p+n+y)I(1).

(2.4)
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We will demonstrate the presence and validity of the system solutions in the sections

that follow.

Lemma 2.1.1 For the fractional-order system (2.4) with the beginning conditions (2.2),
there is one solution. In addition, each resolution of system (2.4)-(2.2) enters a compact

attractive set is positive and is bounded.

Proof 2.1.1 By the Lemma 1.2.3 system (2.4) with initial conditions (2.2) have a unique
solution on some time interval. To demonstrate that S > 0, we use contradiction. Let us
assume that there is a ¢y > 0 such that S(t) > 0 for t € [0,¢1), S(¢y) = 0 and S(t) < 0 for
t € (c1,¢ + €] with suitably tiny. Starting with the system’s initial equation (2.2), it is
evident that DS(t)l;=c, = A > 0 and thus by Lemma here’s the &; to the extent that

S(ci+e€1)=S(c1)+2DS(& e,

where ¢1 < & < ¢y + €. If we select €1 small enough, we can see S(¢; + €1) > 0 which
contradicts the fact that S(t) < 0in [¢1,¢1 + €1]). Thus, we have S(t) >0 for t > 0.

To demonstrate that I > 0, supposing, by contradiction, that there is ¢, > 0 such that I(t) > 0
fort€[0,c5), I(cy) =0and I(t) <0 for t € (¢y,Co + €] with €, suitably tiny. Based on the

system’s second equation (2.4), We've got
DI (t)]i=c, = f(S(t=7),I(t = T))e™#* >0,
using the Lemma|l.2.1} there’s the &, in which

I(cy+€3) =1(cy) + £DI(&;)ed,

where ¢y < ¢3 < Gy +€y, and thus I(cy+€;,) > 0 it is in opposition to the reality that I(t) <0
for t € [ca, Gy + €2]. We now demonstrate that S,I > 0. Considering that theret; > 0 such

that S(ty) is the minimum of S and S(t;) =0, then
DaS(fl) = /\ > O,

then DS is non negative in [t| — ¢, t; + ¢[ for some ¢ > 0, then by Corollary S is
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strictly increasing function and hence S(t; —c) < S(t;) = 0 which is a contradiction. We can
use a similar argument to prove that I > 0.

To prove the boundedness of solution let us define

N(t) = e #TS(t— 1)+ I(1),

the fractional derivative of N(t) is supplied by

DON(t) < e #DS(t)+DI(t),
A= puN(1),

IA

through Lemma
N(t) < (No =2 )Eq(—pt®) + 2,

where Ny = S(0) +1(0). The last inequality leads to

limsup N(t) <

f—>+00

= |~

Subsequently, the uniformly bounded and global solution of system (2.4).
= A
B={0<S+I<4),

is a positive attracting set for system (2.4).

2.2 Steady states

To find steady states of system (2.4), We resolve the ensuing system

A= f(S,1)=uS =0,
e (S, I) = (p+n+y)=0.

(2.5)

It is evident that (5% 0)7, with S° = % is always a solution of (2.5). Consequently,
the system (2.5) admits a free steady state E® = (S°,0). To determine the system

fundamental reproduction number (2.5), we employ the next-generation matrix approach.
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[42)[43].

Lemma 2.2.1 The key reproduction number of system (2.5) adopts the shape

_ _eFT 9f 0
Ro = iy or (55 0)

Proof 2.2.1 Put X = (S,I)T,following that the system (2.5) may be expressed as follows :

DX = F(X)-V(X),
V(X) = V(X)=VHX),

where
0
F(X) = ,
[ (S, ) ]
and
v 2| 2 ’V(X):[ F(S, 1)+ uS ]
0 (n+n+y)l

F(X) represents the pace at which new sick people appear in each of the compartments S
and I.

V*(X) the speed at which people are moved into the compartments S and I using every
alternative method, and V~(X) the rate at which people leave the sections S and I.

Let F and V be the Jacobian matrices of F(X), V(X) respectively at E°, then

of of
o 0 0 e p+55(8%,0) 5(8°,0)
59,0)

—ut 0 e, '
e oL (S0,0) eI 0 prnty

Following [[43]], as we define R as the spectral radius of the next generation matrix FV7!,

with V non-singular. Using (H,), we get

- -4 J
Ry =p(FV1) = £ 95(80,0).

Theorem 2.2.1 In case Ry > 1, thus the system (2.4) have a unique endemic steady state

EE* = (S%,I").
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Proof 2.2.2 Let (S,I) be a solution of (2.4) such that I # 0. By using the system first and

second equations, we have

A=puS=f(S, )= (p+n+y)l,

which means

g = Az (urn+y)l
p .

It is evident that S exists if and only if  <I = % In the next, we suppose that 0 <1 <1,

where I is how the following equation should be solved.

A—eHT I
f(—(’::r”ﬂ/) ,I)—e’”(y+r]+y)1:0. (2.6)

If I = 0, we obtain the free steady state E°. For I # 0, let H be the function described by

f( /\—(,’VT(}A+17+)/)['I)

Il —— ) 27

Using the hypotheses (Hs3), we conclude that the time derivative of H is negative. According
to the definition of R, As we have

Ilir%+H([) =l (u+n+y)(Ro-1),
if Rog > 1, we leads to
lim H(I)> 0.

[—07*

However,

lim H(I) = —e/"(u+1n+y)<O.

I—TI
Thus, by the fundamental theorem of algebra, there exists an unique positive root 0 < I* <[
of the equation (2.6). Hence, the system (2.4) has a unique endemic steady state EE* =
(S5, I7).
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2.3 Locally stability of steady states

We examine the local stability of both free and endemic stable states in this section.
Indicate with (S,T) one of the two steady states E or EE*. The linearised system (2.4)

around (S, ) has the following structure

pesi) = —(Zep)sn- L1, .
DI(t) = —(u+y+n)I(t)+er LSt ) g e lED (g,

Applying the Laplace transform to both system sides (2.8), our findings

dS

SLUO) = 0= (s y + L]+ e 2D 1S 0)

+ 0 eprndn)+ e LD 1)+ 0 ()

L[S() = s18(0) - (LD + u) s () - LELe (1)

where L[I(t)], L[S(t)] are the Laplace transform of S(t) and I(t) respectively. The

system mentioned above can be expressed as follows:

L[S(t B
Age| HSO) :( ) |
L[I(1)] By (s)
with
Bi(s) = s%715(0)
—__ 0 —— 0
By(s) = sOLI(0)+e (o) le Je St (H)dt + e (pts)t f(?l) Ie s (1)dt,
~ -7
and o o
9f(S,1) If(S.1)
A =| ST oL
—(pu+s)T 3/[ 51 Sa_e—(y+s)73f$rl) +U+Y

The characteristic polynomial A(s) of A(s) is

AGs) = 52a+[3f(51)+2,/{ ey L)
3G (2.9)
(M+7/+’7)( Pl) pe
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2.3.1 Local stability of free steady state

The local stability of the free steady state is presented in the following.

Proof 2.3.1 For t =0, the characteristic matrix of the linearised system (2.8) examined at

EY adopts the form

21(5%,0) 21(5%,0)
A= aso - O_ ol ]
df(s%,0 af (89,0 !
[O0 A0 vy +)

due to af(;s(’,O) = 0, then the characteristic polynomial of A is supplied by

2f(58%,0 2f(8%,0
)‘2+(2/”_ f(al )+7/+’7)A_’M f(<9l L gty +),

P(A)

A2 (e Gty ) (L= R A g+ ) (1= R

Since Ry < 1, every coefficient of P are positive and by Routh-Hurwitz theorem all the
roots A of P have negative real parts, which imply that |arg(A)| > 5 > a%. Using Lemma

1.2.8/(2), we conclude that the free steady state is locally asymptotically stable.

Theorem 2.3.1 Suppose that T > 0. If the basic reproduction number less then one, then

the free steady state E° is locally asymptotically stable.

Proof 2.3.2 From (2.9) the characteristic equation at EY s given by

204 (2= e e TR0 st e L ey ) =0, (2.10)

To prove local stability of EV, we use Lemma 1.2.8/1 assume by contradiction that the

s
2

equation (2.10) has a pair of imaginary roots s = we'2, w > 0. After substituting s into

equation (2.10), we obtain

ari

. ) 0 . 0
wZaeam + (2]/{—6_/”6_“‘”@ +y+ 77)(1)“62 —ye_MTe—lew + ;,{([,l+ Y+ 77) =0,
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separating real and imaginary parts, we have

Ajcos(wT)+ Apsin(wTt) = Ajs,
Ay cos(wt)—A;sin(wT) = Ay,

(2.11)

where . .
Al = peht 9f(851 0) )@ e HT gf(asl 0) cos(4L),
A, = w“e‘”r—gf(so’o) sin(%°),
Ay = w3 T cos(mar) + w® (2;4+)/+77)cos(7’7)+;4(/4+y+r]),
Ay = w?¥sin(ra)+ W (2pu+y +n)sin(F).

Eliminating T by squaring and adding the two equations in system (2.11), we obtain

4“+A5a)3“+A6a)2“+A7a)“+A8 = O, (212)

where
As = 2(2;4+7/+17)51n(7za)sm(7”)+2(2;4+y+77)cos(7za)cos(7"),
Ag = (e P’Taf SO ) +(2u+y+n)+2u(u+y +n)cos(ra),
A, = 2( ple Hr fs O) +y(;4+7/+17)(2;4+7/+17))cos(%),
9(5%,0)\*
Ag = pp+y+n)? M(e He fasl )
We have

As = 2Q2u+y+n)sin(ra)sin(5°) + 2(2u + y + 1) cos(ma) cos(%5),
= 2(2u+y+n)cos(F),

which implies that A5 > 0. Further, we have for Ag

2
Ag = —(e"”af%lo’o)) +(2y+7/+17)2+2;4(;4+y+77)cos(7wz),
= (u+y+m) (1 =Ry +p?+2ulp+y + 1)+ 2u(p+y + 1) cos(ra),
> (4 v+ 1=Ry) +p*+2u(p+y +n) = 2u(p+y +1n),
> (p+y+n)(1-R3) +p.

page 36



2.3. Locally stability of steady states

Hence, if Ry <1 we get Ag > 0. For A;

_ur 9f (89,
A, = 2/,1(—(6 W%)Z+(;4+y+f7)(2;4+7+f7))cos(%)’

_7 Of (SO, y
= 2,u(—(e /‘T%)z+()/+17+;4)2+/4(/,t+7/+17))cos(%),

20t 74 720 = RE) + i+ y + ) cos(4F)
If Ry <1, consequently A; > 0. Finally

e 9£(5%,0)\?
Ag = /42<u+7+17>2—;42(6 ’”%)r

Wty +n)*(1-RJ).

IfRg <1, then Ag > 0. Since w > 0, we conclude that equation (2.12) cannot have a positive
real root, and hence equation (2.10) has no purely imaginary roots. On the other hand, the

characteristic equation of the linearised system (2.8) at E° is given by

0
—u- ~2(s,0)
_y7 O
0 —(y+n+p)+er Z(s%,0)-A

(~p= M) (eGS0, 0) = (y + i+ 1) = A),

= A+pu)A=Ro=-1)(y+pu+n),
= O,

which have two negative real roots Ay = —u<0and Ay =Ry—1<0if <1. The condition
larg(A;)| > a % is then satisfied, by Lemmal.2.8 /(1), the free steady state is locally asymptotically
stable.

2.3.2 Local stability of endemic steady state

Next, we shall show that the endemic steady state is locally stable EE*.

Theorem 2.3.2 Suppose that T = 0. If Ry > 1, thus the endemic steady sate EE™ is locally

asymptotically stable if

0
a—];(S*;I*)<(//l+7/+’7)- (213)

Proof 2.3.3 Put v = 0. The characteristic equation of system (2.8) at EE* adopts the form

A2 +bA+c=0, (2.14)
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where

b +2}4+)/+17

J

[8f(5 1) If (5", 1)]

c fSI).

[y +m) = LD+ ety + )
it is evident that from hypothesis (Hs) that b > 0,c¢ > 0 and the Routh-Hurwitz criterion
imply that every roots A of (2.14) have negative real parts, which means that |arg(A)| > 5 >

a%. By Lemma 1.2.8 /(2) the endemic steady state EE" is locally asymptotically stable.

Theorem 2.3.3 Suppose that T > 0. If the basic reproduction number, then the endemic

steady state EE™ is locally asymptotically stable if condition (2.13) holds.

Proof 2.3.4 To prove this theorem, we use similar arguments as in Theorem from

(2.9) the characteristic equation at E* is as following

204 | L0 4y e LB 4y ey (2.15)
J 51 _ If (5,1 ’
(,u+7/+17)(;4+ il ) pe (”H)T%:O.

iz

Assume that the equation (2.15) has a purely imaginary root s = we'2, w > 0. Substituting

s in equation (2.15) and separating real and imaginary parts, we find

Bj cos(wt) + Bysin(wt) = Bjs, (2.16)
By cos(wt)— B;sin(wt) = By, .
here
B, = ye—yraf(s 1) —yrgf(g L) a cos(4L),
B, = w%sin(%f)e” ’”afgll ’
By = w?*cos(am)+w® COS(TH)(af(aS;’F)+2y+y+;7)
S %)
(o L) vy ),
By = 2asm(om )+ w®sin 7”( +2,u+)/+17).
Adding the squares of both equations (2.16) gives
40 4 Bsw3® + Bqw?® + B,w® + Bg = 0, (2.17)
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where

Bg =

2 cos(arr)cos(%5 )(af(as;l*) +2u+y+ 17)

af(SI +2y+7/+17)
(W%S—?”+2#+V+n)2—(€‘”TW%)
+2(y+%)cos(0{n)(/d+y+q),

2 o+ 25 ) cos( ) LG 4 2g0 oy ey )
_2ycos(7”)(e pt 9f(;;,l*))2,

(1 LI oty g2 g (e 2L,

+251n(0m)sm(a7)(

It is evident that if all the coefficients B; (i = 5,...,8) are positive. Thus, the equation (2.17)

cannot have a positive root. Since

9f(S°17)

Bs = 2cos(an)cos(7”)( 35 +2P‘+7+’7)

+2sin(0m)sm(“7 ( +2;4+)/+17)

+2;4+)/+17)

= 2cos(“7)(

thus, Bs > 0. And we have

Bg

* * * * 2
(% e—mm)

2
+2;4+7/+17) —( i
af( 1)

+2(p+ Jeos(am)(p+y +1n)
(afass,z . 2}“7/+,7)2_(€_,naf<§;,z*>)2
—2(p+ f Dyu+y+1),

(afsz +P‘)2+(M+7/+’7) _(e_}naf(;*y]*))Z’
(/,t+7/+17 e/”f )(y+)/+77+e P‘T&fal )
+(8f5 %) +;4)2

V
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using the condition (2.13), we get B¢ > 0. Further,

B; = 2cos(%)—(,u afassl )(‘9f5[ +2u+y+n)(u+y+mn)
_ ,u(e‘l” aff(;“;,f*) )2]
= 2cos(%) (}4+8f( )) (H+y+n)
H LSy —M(@‘”TM)Z]:
= 2cos(%X) (y+"’f“ Pty +m)+ Ly )2
+ulp+y +n)? —/”(6 ’”M)z]f
= 2cos(%) (;4+afs L) ) (p+y+n)+ 1 m(/”"'?/‘”?)z

+M((M+V+’7€’”af N+ y+n+ert 2 ))]

and

fS

2
g OF (8%.1%)
(p+ )(V+7/+’7) /4(6 T )

af(S*, af (
( f;; 2+ 2L ok 42
2
_ a »'*
+}42(#+7+’7)2—M2(6 yr%) )

af(S%, af(
= (( D)2 4 oy 25T )(/w+7+77)2

oS!
[0}
I

+#2(;4+7+17 ’”f )(V+V+77+€’”—af(§;’m)-

Condition (2.13) yields to B; > 0 and Bg > 0. Then, we arrive at the conclude that equation

(2.17) cannot have positive roots. The characteristic equation of system (2.4) at EE* takes

the form
a S*,* a S*,*
P(\) = -(A+ f(asI)J’”) -
— 8 _ a >(—’=(- ’
o HT fassl —(y+ptn)+e T f(gll)_/\
0 o
= A2+A((7+17+M) e’”aflf(S*,I*H%(s* I*)+
a *’* a * * & * * * * —
+( f(§SI)+H)((V+]7+y) el”a];(s,])) 8]5[(5 )af(s [*)e™kT,
= 0.

According to condition (2.13), all the coefficients of P are positive, and by the Routh-

Hurewitz theorem, all the roots have negative real parts. As a result, the condition |arg(A)| >
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a5 is satisfied. By Lemma 1.2.8/1, the endemic steady state EE” is locally asymptotically

stable.

2.4 Global stability

In this part, we apply the Lyapunov function approach to analyze the global stability
of both free and endemic stable states. Initially, we establish the free steady state’s

global stability.

2.4.1 Global stability of free steady state

Theorem 2.4.1 If the basic reproduction number less then one, then the free steady state

EY is globally asymptotically stable.

Proof 2.4.1 As stated below, define the Lyapunov function V

t
V(t) = S(t)-S°- Off(S 1; A0 + et I (t +LTf 1(0))do,

clearly V is non-negative defined function at E°. Then

D“V(t)s(l fea )D“S()+e/”D“I LS, (1) = F(S(t =), I(t - 7).

Through application of the two system equations (2.4), we find

Davu)f;(l—ﬁiff ﬂA—yﬂﬂ—f@ULMﬂ»+f60—rJU—r»
mI(t) + f(S(t), I(t)) = f(S(t—7),I(t —7)),

—eMt(p+y+

since A = ;450, then

DUV (1) < (1= ) (50 = S(6) + F(SP 1) = (et + Y)er™T (1),

the condition %()() < 0 yields that

9f(S0,1 af (S,
£(80,1(8) < (LG < (1) 28520,
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and hence
Dev(n) < '”(1 ]f((sit)lz(ft)))>)(5° = 5(t) +1(1) fa(ls( —(p+n+y)ettI(t),
< 1 - f(SOI(t)) SO—S ’”R _1
= p TSI ( (1) +(p+n+y)el (Ro—1)I(t).

In the first variable, we observe that f is an increasing function.

s0,

IfRQ <1, thus
DAV (1) < ~Ws,

here

)

Wy = (1 = FE (S (1) SO) 4 (4 1+ ) (1= Ro)I (1) 2 0.

t
F(S ()

According to Lemma 1.2.4, and since the free steady state E° is locally asymptotically stable,

then by the LaSalle invariance principle [24)], E° is globally asymptotically stable.

2.4.2 Global stability of endemic steady state

The global stability of the endemic stable state is examined in the following theorem.

Theorem 2.4.2 Assume that Ry > 1 and the condition (2.13) holds. Then, the endemic

steady state is globally asymptotically stable if the following inequality is true

Uwqy_ﬂs>x1_ﬂ<>0<o vS,1> 0.

Proof 2.4.2 Let H(x) = x—1 —Inx. Note that H : R* — R* has a strict global minimum

at x =1.
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Let Lyapunov function L be as follows

Lit) = S(t)-s—["2 d9+e/”( - [ )
+lfo (W‘l‘m%)da
where
= £(S",I%).

The fractional derivative of L verify

a A I0)) a (1 _ f(S(#).I) a
DOL(t) < (1= 7y DS (0 + e (1= Fsgipiy ) DI (1) (2.18)
4 _f(S(f—T)J(t—T))+f(5(t),1(t))+1n(f(5(t—T)I(f T)) ’
f(5%I%) f(55I%) F(S(t)I(t)) ’
by utilizing the system’s initial equation (2.4), we get
f(S*I(1)) _ f(S%1(1))
(1 - Fsinds ) DS () = (1= Fsiay ) (A = S () = £(S (1), 1(1))).
According to the system’s initial equation (2.5),
A=uS*+f(S5,I),
that is,
f(S*I(t)) _ f(S%1(1)) * M.
(1= Fsamy)Ps ) = (1= Frsmm (1S +f(S f(S(11(1))),
thus,
f(S5I) \pa _ (1 _ f(SSI(H)) _S(1)
(1= s )PS0 = 1S*(1 = sy )1 - 59 (2.19)
_— f(S*I(t)) f(S@t)1(t) ’
+H(S (1= frsi a1 - )
Since
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using the second equation of system (2.4), we find

BE = (pt g+ e,

which leads to,

f(S(t

ew(l NS

),I") _ _— FS@),17) \[ f(S(t=)I(t=7)) I(t)
LD = £(5%1°)(1 - Sk ) Aol _ 141),

hence,

f(S(
F(S(t

6}”(1— ),I*) )Dal(t) — f(s*,l*)(l— F(S()I*

) 1(1)) F(S(t),I(t

+f (8711 - Fis

—

T —1—*) (2.21)

Put

F(S5T)

) f(S(t=1),1(t-1)) f<5<t>,1<t>>)
I

I

)(1 _ f(S(f)J(t)))
)
)

fS51)  f(S().I)

FSLIE) | 1 FSE=)l(t=1)
5r T EmIm ]

—+

(2.22)
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and after some calculations

fS(E=T) I(t=T) f(S(t),I7)

—=

1=

=

|~

SSE=0) I(t=T) f(S(t)[7)
FS@),IE)f(5717)

f(S(0),1(1)
F(S(6),1)

—_=

1=

)
* [~
~ =
=
|
2
r.l.fl.
| —
=
—
—|* —~
[ e
=
*,\UW*I
'~ -
LA =
R i N
[S)
+ 1 =
==
—_
—~
[ o S Rl
=
SlE L2
(Sqd\f
2
R g
S
(=
p— n
—
T+
—
—_ —
*
= +
K
S.I..yF
=5 =
=2 =
=
T[\U/Cm\ND;
=
FU[\Uﬂ
==
I.\I.NT\)
P F O I
k[ — = |
=
e |2
==
= L2
=
—
= =
2
S—

— |

= R = —

but

f(S%I)

_ [ 1)

f(SVI(t)

f(S7I(t)

thus

(2.23)

changing (2.23 ) into (2.22), we get

(2.24)

—~ =ln
72 T L=
g b S~
)\)“\ _
LI»_.* NN — —
s A2 D =
e =] =<
DS P PN
~ |~
— = J0 =
— © SN EN e
—~|= — Tl SIS
== = 2w
= L= =
— | = Z[= S—
Sl — == |
~— \\lﬂ)
mu\s{.lt(l,\ Py
S~ L2 s
_ — |~ ==
~ 2| =
— * N 25
~_ N =
* N —,
N e I —
X+ I +

But f is a monotonically increasing function with respect to S, then

C e
S—" S—"
w w
Al VI
* *
w w
> >
- —
Al VI

then
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using the hypothesis (Hy), we find

S\ ( £SELIE) _ 1)
(1750 J(t)))( FWI) - ?) <0
I
FSUT) F(SUI) V(1 FSELI0)
(Frstw — Fsmamy) (1 - Frserr ) < 0
thus
DOL(t) < W,
here
o S(S"(1) (e
Wy = pS"(Fsiam - 1)1 -5
e ey [( £SO\ (FSOI0) 10
F(S5I ){(f(S(t),I(t))_l) Te0 T T
U= (=0) F(S(1).I") £(5°.0)
+H( TSI (5°.) )+H(f(5(t)1))
FSSI) A \( £SmI)
+(f(5<t)J*) f(S(t)J(t)))( (5.7 1)}20

By the LaSalle invariance principle and Lemma 1.2.4, we conclude that the endemic steady

state is globally asymptotically stable.

Remark 2.4.1 The condition

fS5) S5O\ _ f(S])
(f(S,I*) f(S,I) )(1 f(S*,I*)) S Ol

is met by the most often utilized incidence functions, including f(S,I1) = pS"I" and f(S,I) =

BS" ™

oo witha>0andn,m > 0. More generally, the condition is also satisfied by the incidence

function of the type f(S,I) = i( where Y is a concave function.

2.5 Numerical simulations

In this section, we describe the numerical scheme for solving a fractional-order delayed

equation. A modified Adams-Bashforth-Moulton method is proposed in [3]] to include
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both fractional-order and delay. Take a look at the following equation.

Dy(t) = f(t,p(1),y(t = 7)), t€[0,T]
y(t) = g(t), te[-7,0],

(2.25)

where 0 < a < 1. Let the uniform grid {t, =nh:n=-k,-k+1,---,-1,0,1,---,N} where

k and N are integers such that h = % = £ We let

yh(t]):g(t]); j:_k,—k—l—l,...,o

with
yh(tj - T) = yh(]h - kh) = yh(tj—k); ] =0,1,---,N
where yy,(t,) is an approximation of y(t,). The scheme takes the form

ha
o L@+ (2.26)

+T(Of—+2)]§baﬁ”+1f(tj’yh(tj)r}’h(tj—k)),

Vnlte1) = 8(0) + (F(tner 9h (Bt Dn(ts1-0)))

here
n*tl—(n—a)(n+1)%, =0

i1 =4 (n=j+2) 4+ (n= ) =2(n—j+ 1), 1<j<n
1 j=n+1
The predictor term yﬁ(tnﬂ) which appears on the right hand side of (2.26) is evaluated

by the expression
1 n
Ui (tnst) = 00+ 5 )by f (15 3(85:30(04) (2.27)

where
04

b = — ((n+1=)" = (n=))°).

The scheme (2.26)-(2.27) is convergent of order p =min (2,1 + «) (see [3])).

As an example, we take the incidence function f(S,I) = fSI which leads to the following

page 47



Chapter 2. Stability of a Fractional-Order SEIR Epidemic Model with Time Delay
and General Incidence Rate

model
DIS(t) = A=BSHI()-pS(H)

DYE(t) = BS(HI(H)=pS(t—T)I(t=T)e " - uE(H)
DOI(t) = BS(t=T)I(t=1)e = (u+n+y)(1),
DOR(t) = yI(t)— uR(t).

(2.28)

Utilizing the SEIR model (2.28), the illness that COVID-19 created in Algeria during
the beginning of the infection is explained. We then start our simulations from February
25, 2020, according to sources indicating that the first instance of the COVID-19

epidemic in Algeria happened on that day [38]). In this instance, the basic reproduction

ert A
Pty g
people is 17 = 0 since our simulations are evaluate over a brief time period (a few

number is Ry = f3 We may presume that the death rate mortality of infected

months). Table 1 provides the system’s (2.28) parameters, which are derived from

132].

Table 2.1: Parameters and values of model (2.28).

Parameters meaning values

A recruitment rate of susceptible individuals 107>

B transmission rate per infectious individuals 2.1

U Death rate of all individuals 107

Y transfer rate of infected individuals to recovery compartment 0.2

1 Death rate of infected individuals caused by the disease 0

T Incubation period 214 (days)

Source: [32]

We first consider the case with classic derivative @ = 1 and without delay 7 = 0.
Numerical simulations give the graphics in figure[2.5] As described in [32]], we observe
a peak of infected individuals after 90 days from the beginning of the infection and
80% of the population will recover. In figure we have plotted the solutions of
system (2.28) in the case @ = 0.9 and 7 = 5 days. We can observe a peak of infected
individuals of around 140 days after the beginning of the infection which corresponds
to late July 2020. In figure 2.4, we have plotted the solutions in the case T = 8 days
and a = 0.9 and in figure 2.5, we have taken 7 = 10 days. We first observe that the

recovered populations grows quickly whereas the infected and exposed populations
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Figure 2.2: Model (2.28) in the case a = 1 and without delay 7 = 0.
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Figure 2.3: Solutions of model (2.28) in the case T =5 and a = 0.9.
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Figure 2.4: Solutions of model (2.28) in the case 7 = 8 days.
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Figure 2.5: Solutions of model (2.28) in the case 7 = 10 days.

decrease significantly which means that the majority of the populations will recover.
Further, we observe a peak of infected individuals which grows with the delay 7 of
the incubation period. For a value of t around 8 ~ 10 days this peak appears after
a period of 160 days from the beginning of the infection which corresponds to late
July. In figure 8, we give a graphic published by WHO[49] which shows a peak of
new infected individuals of COVID-19 in Algeria at 24 July 2020. We can conclude
that the model (2.28) with fractional derivative and time delay describes the outbreak
of COVID-19 more precisely than the one with classic derivative and without delay.

In figure we have plotted the behaviour of compartments S,E,I,R for different
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Figure 2.6: Behaviour of S,E, I, R for different values of y: we have taken 7 = 8 and
B=21

values of y. Since % is the average time in compartment I before isolation, the value
y =1 means that almost all infected individuals are asymptomatic and recover after
on average one day. The value y = 0.2 correspond to an average period of around 5
days in infectious compartment and appears more plausible [32]. The plots in figure
6 show that this case lead to the infection of 90% of population in Algeria. We think
that the real value of y is around 0.2.

Finally, in figures we have plotted the solutions of susceptible, exposed, infected
and recovered individuals for the values of @ = 0.6,0.7,0.8,0.9. We can observe that
when a is decreased the amount of susceptible and infected individuals will be reduced.
As in [7]] we conclude that small memory of the infection effect maximizes the number

of COVID-19 healthy individuals.
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CHAPTER

STABILITY BEHAVIOR OF A

SEIR EPIDEMIC MODEL

WITH MORE GENERAL

INCIDENCE RATE

3.1 Model formulated

In reality, the exposed person can contract the majority of epidemics, including not
only the infected class in most of epidemic such as Covid-19, HIV/AIDS, measles...,
but the previous study ignore this possibility. In addition, the incidence function gives
more information of the disease transmission. In litterature, there are many kind of
incidence function for example the bilinear incidence function BSI where 8 > 0[46],
the saturated incidence [29]], the nonmonotone incidence rates ...But this function can
not given a detail information of the of infectious pandemic because can change with
the surrounding environment.

Motivated of this reasons, we think this factors in our study and formulated fractional
non linear system when the disease incidence a more general nonlinear incidence
form, can be calculated as g (E)g(E)h(S), pr(I)f (I)h(S), when the population is divided
in four compartments, namely, the susceptible S, exposed E, infected I and recovered
R, Be(E) represent the transmission coefficient between compartments S and E, 3;(I)

represent the transmission coefficient between compartments S and I when g > 0, 3; >
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0. The model takes the form

DeS(t) = A= [ﬁE(E(t))g(E(t)) + ﬂf(l(t))f(l(f))]h(s(f)) —pS(1),

DUE() = [Be(E@NEW) + ATENFIO)]HSE) - o+ wE() )
DEI(t) = oE(t)=(y +ml(t),
DIR(1) = yI(t) = pR(1),
with the following initial conditions
5(0)=S9>0, E(0)=Ey >0, (3.2)

1(0)=1Iy > 0, R(0) = Ry > 0,

where D¢ denote the fractional order derivative with respect to time t. We assume
that g, f,h, fg, B : R — R are a twice differential nonlinear function satisfying the

following hypotheses :
(A1) g f,and h are all positive and only vanish at 0.
(A,) g f and h are monotonically increasing.

(A3) Pg and p; are monotonically decreasing with Bg(E) < Bg(0), B;(I) < p;(0), and
Be(0) = p1(0) =0.

(A4) f and g are concave functions.

The properties (Ay),(A,), for the functions f, g and h include common incidence functions
(see. [L19[29][39]])). All parameter values are assumed to be non-negative, A is the
influx of the susceptible individual, p the death rate, 6 the transmission coefficient
between E to I, y the transmission coefficient between I to R. The transfer diagram of

system (3.1) is given by

Noting by
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Figure 3.1: The diagram transfer of system (3.1).
N(t)=S(t)+E(t)+I(t)+R(t),

the total number the population at time ¢, we can see from the previous system that
the last equation is independent from the three first ones. Then, system (3.1) can be

reduced to the following one

DS(t) [ﬁE E)+Bi(I ]h
DOE(1) = [ﬁE +/51( )f (1 >] <s>—<a+u> : (3.3)
D®I(t) =6 —(7+#>-

Positivity and boundedness of solution

In the bio-mathematics model (population model), the first question posed is the
existence of positive and globally solution. For this reasons, since the dynamical

behavior of system (3.1) is equivalent to that of system (3.3), we have the next theorem.

Theorem 3.1.1 For all non-negative initial data, the solution (S,E,I) of the system (3.3)
exist, non-negative and uniformly bounded on [0,+c0). Furthermore, the feasible region of

(3.3) can be written as
F={(S,ETeR}: S<S% 0<S+E+I<4].

Proof 3.1.1 It is easy to prove the existence and uniqueness by using the fundamental
theory of fractional equations [27], we only prove the next one. Let (S, E, I) € R3, be
a solution of system (3.3). If (0,E,I) € R, DS = A > 0. If (S,0,I) € R}, DYE =
Bi(D)f(I)h(S) > 0. If (S,E,0) € R3", DY = yE > 0. Thus, the solution (S, E, I) € R,
In order to show that solution of system (3.3) belongs to R3*, let us assume that there exists

t1 = inf{t > 0} such that one of S(t;), E(ty) or I(t;) is zero, assume that S(t;) =0, then
DS(t1)=A>0,

witch implies that DS is non negative in [ti,t; + ¢[, according to Corollary 1.2.1 S is
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strictly increasing function, this vields that S(t; —c) < S(t;) = 0, with ¢ > 0, then we obtain
a contradiction which implies that S(t) > 0 for all non negative time.

We can use a similar argumentation for the proof of strict positive of E and I.
Boundedness of solution :

Summing up the three equations in system (3.3) to obtain
DYN(t) = A—uN(t),
using the lemma we obtain
N(t) < (No+ Ap™ )Eq (=put®) + Ap,

when Ny = N(0) = Sg+ Eg + Iy, thus, limsup N(t) < % From the first equation of system
f—>00

(3.3) we can verify that S(t) < SO, then

P={(S,E)eR] : S(t)<S° 0<S+E+I<4}.

3.2 The Basic Reproduction Number and Equilibria

3.2.1 The basic reproduction number

Setting the right hand side of the equations of model (3.3) to zero, when absence of
epidemic we find that our model admits always the disease-free equilibrium given by
E%=(5%0,0)T, where S? = % .

Now, we derive the basic reproduction number of system (3.3) by using the method of

next-generation matrix (see [42][43]]).

Lemma 3.2.1 The basic reproduction number denoted R of system (3.3) is given by

_ Bel0)g (0)R(S%) | Bi(0)f (0)h(S%)s
Ro = (u+9) T T o)
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Proof 3.2.1 Let X = (E,I)T, we can see that
DX =F-V,

where

and

v (0+puE ,
—O0E+(y +p)l

the Jacobian matrices of F and V at E? denoted F, V respectively are given by

£ | BeORR(S) Bi(O)f (0)(S”)
0 0 ’
and
Ve o+u 0 ],
—0 Yty

it is easy to see that V) non-singular matrix. The basic reproduction number is the spectral

radius of the matrix FV~1 [[43]], after simple calculation we find

Ry = el (Oh(S")

_ Br(O)f (0)h(S")5
(p+0)

e eo)

3.2.2 The equilibrium point

The equilibrium points are the solution of the following system

A=[Be(ENG(E) + BTN F(I|h(ST) =S = 0,
[Be(E)S(E) + B (1) f(I)|h(S™) = (5 + WE* = 0, (3.4)
OE = (y+p)I” = 0.

At absence of endemici-e E =1 =0, it is clear that the system (3.4) has always the free

steady states E¥ = (%, 0,0)T. In the other hind, when E # 0,] # 0 solving the system we
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find that

_ A _ (rrp(o+p!”
B
+u)I*

0 4

E*

where [* is the roots of the following equation

F (1) = (B () 4 py (1) (1) (s - sty e o,

using the hypothesis (A3) and (A4), we obtain the first and second derivative of & is

: : . _ (yru)(o+p) A6 :
negative. Since Ili)rr&g(l) = ~—F(Ro—1), and F(I) = ETIEET 0. Obviously,

if Rg > 1 then & has a unique zero solution in (0,1), for I > T we get S < 0 witch

contradiction.

3.3 Local stability of the equilibrium

3.3.1 Local stability of the free-steady state

In this subsection, the local stability of the free-steady state are demonstrated.

Theorem 3.3.1 If R < 1 the disease free steady state E is locally asymptotically stable.

Proof 3.3.1 The general Jacobian matrix K takes the form

—pu—x1h (S) —12h(S) —k3h(S)
K=| «,h(S) h(S) = (0+u) x3h(S) |
0 o —(y+u)

where
S (ﬁ (E)g(E") + (I f (1),
K2 = (Bp(E")g(E") + Br(E)g (EY)),
i3 = (B (I)F (1) + Br(I)f ().

Using the hypothesis (A1), (A,) and (A3), we find that at the disease-free equilibrium E° the
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matrix K is given as follows

—p —Be(0)g (0)A(S°) ~B1(0)f (0)h(S°)
A=10 Be(0)g (0h(S) = (5+p) Br(0)f (0)h(S°)
0 0 ~(r+n)

Denote by P(0) the characteristic polynomial of system (3.3) at E°, thus

P(O) = det(0I-A),
- —(9+14){ #(y+ 1= B(O)g Oh(5) + 6+ )0
~B(0)g (O)B(S )y + ) + (0 + W)+ 1) = B (O} (O)(S")o
= (040> +(y+ n Be(0)g (Oh(S) + 6+ )0
#o+ )y + H)(1 ~Ro)},

it is clear that P has three roots, 01 = —p and 6,,05 are determined by the following equation
02+ [+ 1= Br(O)g (OA(S") + 04 )0+ (04 Wy + (1 -Rg) =0, (3.5)

if Rg <1, we conclude that y+y—ﬁE(O)g'(O)h(SO)+6+y > 0and (0+u)(y+pu)(1-Ry) >0
then the equation (3.5) has two negative real roots [42]. Thus |arg(0)] = © > 5 > &F,

according to theorem 1.2.3, the free steady states is locally asymptotically stable.

3.3.2 Local stability of the endemic equilibrium

In the next, the local local stability of the endemic equilibrium is discussed.

Theorem 3.3.2 If R > 1 the endemic steady state EE™ is locally asymptotically stable.

Proof 3.3.2 At endemic steady states EE®, the characteristic equation gives as

03 +A,02+ A0+ A, =0, (3.6)
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where

Ay, = ;4+1<1h'(5)+y+y—1<2h(5)+5+;4,

Ay = (Yt B (S) = kah(S)(p+ 1 B (S)) + (6 + p)(p+ k1 B (S))
—1oh(S)(y + ) + (0 + p)(y + p) — k3h(S5)o,

Ag = =kah(S)(y + ) (p+ K1 (S)) + (0 + W) (y + p)(p+ K1 1 (S))
—1c3h(S)(p+ k1B (S))0 = 1h(S)c I (S)(y + ) +153h(S)rc B (S)o,

the discriminant of P(A) given in the next form
D(P) =18AgA1 A +(AgA1)? —4A,A] — 4A7 - 27A3.

According to [2l], we have the following lemma

Lemma 3.3.1 If Ry > 1, the endemic equilibrium is locally asymptotically stable if one the

following conditions holds

i If D(P) > 0, then the necessary and sufficient condition for the equilibrium steady
state to be locally asymptotically stable is Ay >0, Ag >0, A1A; > A,.

ii IfD(P)<0, Ay >0, Ay >0, Ay > 0. Then the endemic equilibrium is locally asymptotically

: 2
stable if a < 5

iii If D(P)<0, A, <0, A; <0and a > % Then all roots of D(P) satisfy the condition
larg(0;)| < 5 i=1,2,3.

Now, we turn to given a sufficient conditions to obtain the Hopf bifurcation of fractional
system (3.3), by considering « as bifurcation parameter. Using the result show in
[26]], the endemic equilibrium is locally asymptotically stable if the eigenvalues A; of
equation (3.6) are less then %* and unstable if the eigenvalues are more then %*. Thus,
we define the following function

H(a) = %t —min|arg(A;),i=1,2,3.

1<i<3

Inspired by results given in [26]], we have the following theorem
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Theorem 3.3.3 If the bifurcation parameter a crosses the critical value a = a* € (0,1),
then the fractional system (3.3), passes through a Hopf bifurcation at EE*, if the given

singularity conditions (i), (ii) and also (iii) are satisfy where

(i) The Jacobian matrix at EE* equilibrium of the system (3.3) induces complex conjugate

eigenvalues \; = ¢c(a) +ic(a), with a > 0.
(ii) H(a*) = 0.

(iii) dlsc(f”a:&* # 0 (the transversality condition).

3.4 Global stability of the endemic equilibrium points

3.4.1 Global stability of disease-free-equilibrium
The global dynamical of the free steady state E” is established by the following theorem.

Theorem 3.4.1 The disease-free-equilibrium EV of the system (3.3) globally asymptotically
stable if Ry < 1.

Proof 3.4.1 If Ry <1, it easy to verify that

(p+7)BE(0)g (0)A(S®) + B1(0)f (0)A(S)d < (u+y)(p +0),

but

7

B(0)g (0)h(S° B(0)g (0)h(SO :
(4 ) L) < () XL LEE 1 8, (0)F (0)h(S0),

that is
(1 +7)Be(0)g (0)1(S) < (u+y)(+90),

Now, we consider the following Lyapunov function :
V(E,I)=0E + I,

where

b=p+5-Pe(0)g (0)h(SP),
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it is easy to see that b > 0. According the fractional order derivative along of system (3.3)

we get

DYV (E,I) = SDYE(t) + bDOI(t),

It follows from second and third equation of system (3.3) that

DUVIED) = o(Be(E)EIS) + fiIf (DA(S) (i + O)E

+b(bE—(,u+y)I),
= OPp(E)G(E)h(S)+ (1) f(I)h(S) = (u+0)(u+p)I
~BE(0)g (0)h(SO)SE + Br(0)g (0)h(S%)(y + ),

if (A1) and (A3) holds then Bg(E) < B(0), pr(I) < B1(0) and since S < SY, leads to

DYV(E,I) < 0Be(0)g(E)h(S®)+0pr(0)f(Nh(S®) = (p+8)(p+y)I

~BE(0)g (0)h(S®)SE + B (0)g (0)h(SO)(y + W),

thus,

DYV(E,I) < lim+@6ﬁg(0)h(SO)E+ lim LDSBH0)(SO) = (g + 8) (e + )]

E—0

—~Br(0)g (0)A(S®)SE + Be(0)g < JH(SO)(y + I,
< (0B1(0)f (0)A(S) = (5 + p) (7 + ) + Be(0)g (O)A(SO)(y + )T
<©@+pu)(y+uw(Ro-1)1,

Furthermore, when Ry < 1 we have, D*V(E,I) < 0 and D*V(E,I) = 0 if and only if I =
replacing this last equation in the first and second equations of the right-hand side of (3.3)
we find E = 0 and S = S, this implies that the largest invariant set where D®V = 0 is the
singleton {EV}. Hence, applying LaSalle’s invariant principal [13]], the solution of system
(3.3) tend to E°. Then the disease free equilibrium is globally asymptotically stable if R <
1.

3.4.2 Global stability of the endemic equilibrium

In this subsection, we show that the endemic equilibrium EE* is converges globally

asymptotically stable, we recall that EE* satisfies the system (3.4). Noting that for
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when R > 1 the disease-free equilibrium EV is unstable and endemic equilibrium EE*
is persistent in population. Then, in the following for the global stability of endemic

equilibrium EE*, we assume that Ry > 1 and the following inequality are holds

BeERENS) (st _ BeEIES?)
(ﬁE(E*)g(E*)h(S*) DS Br(E)g(E)A(S) ) <0, (3.7)
and
BUDAS) (st _ BUIAIRST)
(Grrnes ~ OS5 = mrmmsy ) < O- (3.8)

We have the following mains results.

Theorem 3.4.2 Assume that Ry > 1. If inequalities (3.7) and (3.8) holds, then endemic

equilibrium EE™ is globally asymptotically stable.

Proof 3.4.2 We consider the Lyapunov function
VIS B0 = SH(2) B H(E) A H(E),

where

s

_ pto
A=

and H(x) = x —In(x) — 1. Obviously, H is positive function and admits a minimun point at
x* = 0. Appliqueing the Caputo derivative of V along the trajectories of system (3.3) and

using lemma 1.2.6, we find
DOV(S,ED<(1-%)%+(1-5 )4k + A(1- )4t (3.9)
Using the first equation of system (3.3), we get

(1-$)D°s = (1=5)(A= BB EWS) - B FDIHS) - )

but
uS* = A= Be(E*)g(E")h(S™) = Br(I") f (I")h(S7),
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thus,
(1-$)D%S = A= Be(E)S(E)n(S)— Bi(1)f (DA(S)
—A% + Be(E)Z(E)R(S)S + Br(D)F (DR(S)%
—A2 + BE(EMG(ENR(S) 3 + B (1) f(I")h(S*) &
+A = Be(ENG(E")h(S") = Br(I*) f (I")(S™).
Consequently,

S* _ $* S + * " BE(E)g(E)A(S)
(1_?)Da5 = puS*"(2—x% — )+ Pe(E")(E")h(S )(—m

S
B (E)g(E)H(S)S" g o rre et BIDFDAG)
B EeE s T L w) T B IAS) (=g aermme
B (DRSS 4 st
e ranes 1)

Now,
(1-5)D°E = (1-5)(Be(BIS(EIRS) + D f ((S) - e+ OE (1)),
using the second equation of system (3.3), we get
Be(ENR(EIN(S) + Bi (1) F(I)H(S™) = e+ D),
thus,

(1-E)DE = Be(E)Q(EVA(S) + Bi(1)f (Dh(S)
~Be(E)Z(E)R(S)E — Bi(1)f (DA(S) 5 + Be(EV)g(E)h(SY)

which leads to

E* _ oy ey oy BEE)SEIAS)  Br(E)S(E)A(S)E® E
(1 _f)DaE = Pe(ENSEN(S ) G o B ~ B (EeEGIE T 1~ )
ey rrrevi gy BUOFDRS)  BDf(DA(S)E” E

Finally,
Al1=5)per = A(1-5)(E-(u+y)),

)
+B1(I7) f(I)h(S™) = Be(ETG(ENM(S™) £ = Br(I)f (I)(S™) =,

(3.10)
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using the third equation of system (3.3), we obtain
(u+y)*=0E",
it follows that,

A(1=-5)DeT = AE - (u+y)I-SEL + (u+y)I°),
= A(SE—(p+y)[-SEL +6E),

= Pe(EMZENN(S ) (=~ =17 + 1),

BT f (IS ) (= = 12 + 1),

then,

—~=

-

4 = BelENREISIE - - FE+ 1),

- (4.12)
+Br (I f (S NE - L - LE +1).

Br(I*)f (I)h(S*)
_BIOFDAS)E” 1 'E _ pr)f(I")h(S” )
Br(I)f(IA(SHE I IE* Br(I)f(Dh(S) 7

E I S
* * * h * * “Yh(S*
+B1(I) f(I)h(S*)(4 + ( Bi(D)f (Dh(S) _1)(%_ﬂ1(1 )f(I*)h(S ))
)
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f
BeEIGEMS) st BelENZ(EDA(S)
GrEreEme ~ Vs~ meonsr ) <0
and
BUDFDNS) vy fDFIIS")
Grrmne ~ Vs ~ mromesy ) <O
we get

D%V <0,

the equality DV = 0 holds if and only if S = S*,E = E*,I1 = I*. Therefore, By Lyapunov-
LaSalle principle theorem [30], {(S*,EE*,I*)} is the largest compact invariant set in I this
implies that (S*, EE*,I") is globally asymptotically stable.

3.5 Numerical simulations

In this section, we investigate to numerical solution of system (3.4), using the Adams-
type predictor method [12]. We select the parameters values as : ; = 0.25,8 =
0.03,A =0.06, 4 =0.05, = 0.4,0 = 0.3, = 0.95, for initials conditions (Sy, Eg, Iy, Ry)
(1-1077,107,0,0)".

In table 2.1 by using the next-generation matrix method, we can compute the basic
reproduction number for different incidence function, where ¢; = 0.1,¢c, = 0.8,¢5 = 1.
The approximation solution are given is Figure 2.2.

We remark that the susceptible individuals tends to S° = 1.2 and for a long time, the
others persons numbers converge to zero. According to theorem 3.4.1, the solution of

our system converge global to the free-steady states E = (1.2,0,0,0).

Table 3.1: The value of basic reproduction number for different incidence function
when % < 1.

) g(E) h(S) Ry
I E S 06743
I E
1+ciI  1+4cE Sz 0.6743
S
S 0.4458

If we choose the parameters values as : f; = 0.5, = 0.3,A = 0.6,y = 0.1,y =
0.2,6 = 0.3,a = 0.95, for initials conditions (Sp,Ey,Io,Ro) = (1 —1077,107,0,0)". In
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Table 3.2: The value of basic reproduction number for different incidence function

when % > 1.

I E S 1.7576
I E
1+cyI  1+cE S 1.7576
SZ
I E 5 25108

table 2.2 by using the next-generation matrix method, we can compute the basic reproduction
number for different incidence function, where ¢; =0.1,¢, =0.8,c3=0.2.

The Figure 2.3 shows that the solution converges to one endemic equilibrium from
theorem 3.4.2 the equilibrium EE” is globally asymptotically stable. If we compare
between the behavior on the classes S, E, I and R for the two incidence function, obviously,

we can see that the incidence function can not change the behavior of the solution and

the peak of infected people but it can change the number of any compartment.

Now, we simulate the system (3.4) for different values of a. From figure 2.4, we
can observe that the size of susceptible is increased when the parameter a increases,
but we look the opposite for the other individuals, witch implies that our model
depends to fractional order a. For his memory and non-locally effect, the fractional

order parameter very important to modeling the spread of epidemic.
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CONCLUSION AND

PERSPECTIVES

In chapter 2, We have studied a fractional-order SEIR epidemic model with time delay
and general incidence rate function. The next generation matrix approach is used to
calculate the basic reproduction number. We have obtained necessary and sufficient
conditions for local stability of both free and endemic steady states. We have proved
the global stability of the two steady states under some conditions on the incidence
function using the method of Lyapunov function. We use this model to explain the
Algerian COVID-19 pandemic at the onset, which occurred in late February 2020.
Numerical simulations show that recovered populations grows quickly whereas the
infected and exposed populations decrease significantly. That leaves us with the conclusion
that most people will recover. Additionally, a sample of infected persons is seen
around 160 days after the illness first manifests, indicating an incubation period of
approximately 8 ~ 10 days. The WHO figures show this peak, which corresponds
to late July (see figure 8). In the end, numerical simulations demonstrate that the
number of COVID-19 healthy persons will be maximized by using a fractional-order
derivative. The delayed fractional-order model that we provide can more precisely
describe the Algerian data at the start of the infection and prior to the lock and

isolation processes than the reality without delay and with classic derivative.

In chapter 3, we have presented a general nonlinear fractional epidemic model in
the sense of Caputo derivative. For controlling the epidemic model, we have calculated
a threshold concept biological called the basic reproduction number. The local stability

of both steady states is studied. By using the Lyapunov direct method, we prove the
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global stability of the healthy steady state when the number of reproduction is less
than one, which means that the disease has died out. For numerical simulations,
we have given three types of the incidence function. We obtain that the incidence
function can not influence the behavior of steady states but can change the number
of any compartment of the population. In addition, we obtain that the fractional
order derivative is very important of epidemic modeling for its memory effect. The

numerical simulation confirms the theory study.

We can then conclude that the introduction of time delay and fractional derivative
in epidemic models can describe more really the spreading of an epidemic. The
models we have proposed are a generalization of many other models in literature and
can be used to describe many other types of epidemics.

From our perspective, we estimate this models for age structured populations and

diffusion.
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