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Abstract

The objective of this thesis is to study the existence and stability of periodic solutions
for certain neutral differential equations and systems with time delays and variable
coefficients. Using Krasnoselskii’s fixed point theorem, we present a set of sufficient
conditions that guarantee the existence of periodic solutions. This involves
transforming the system into an equivalent integral form before applying fundamental
matrix solutions in parallel with Floquet theory. In addition, we analyze the
asymptotic stability of these solutions, leading to new conditions that can ensure
stability. The practical significance of our theoretical results is supported by numerical
examples, which verify the validity of the proposed approach and highlight its
applicability in various fields such as electrical circuits, power transmission and signal
propagation problems, control systems, and biological modeling. This study extends
previous work by providing a detailed framework tailored to the study of neutral
differential systems with time delays.

Keywords: Neutral differential equations and systems, Time delays, Fixed point, Floquet

theory, Fundamental matrix solutions, Krasnoselskii, Periodic solutions, Asymptotic stability



Résumé

L’objectif de cette these est d’étudier 1’existence et la stabilité des solutions
périodiques de certaines €quations et systemes d’équations différentielles
neutres avec retards temporels et coefficients variables. En utilisant le
théoreme du point fixe de Krasnoselskii, nous présentons un ensemble de
conditions suffisantes garantissant 1’existence de solutions périodiques. Cela
impligue la transformation du systeme en une forme intégrale équivalente
avant d’appliquer les solutions matricielles fondamentales en parallele avec
la théorie de Floquet. De plus, nous analysons la stabilité asymptotique de ces
solutions, ce qui conduit a permet de déeduire de nouvelles conditions assurant
la stabilité. L’importance pratique de nos résultats théoriques est appuyee par
des exemples numériques, qui vérifient la validité de ’approche proposée et
soulignent son adéquation dans divers domaines tels que les circuits
¢lectriques, les problémes de transmission d’énergie et de propagation de
signaux, les systemes de commande et la modélisation biologique. Cette étude
étend les travaux précédents en proposant un cadre détaillé spécialement
congu pour I’étude des systémes d’équations differentielles neutres avec
retards temporels.

Mots clés : Equations et systémes différentiels neutres, Retards temporels,
Poin fixe, Théorie de Floquet, Solutions matricielles fondamentales,
Krasnoselskii, Solutions périodiques, Stabilité asymptotique.
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7/ INTRODUCTION

eutral functional differential equations have emerged as powerful mathematical

tools for modeling complex phenomena across science and engineering, particularly

in dynamical systems with time delays. These equations have garnered significant
attention due to their wide-ranging applications in fields such as electrical circuit theory, control
systems, biological modeling, and signal processing. Recent advancements in calculus have
further enriched these models by incorporating non-local operators and memory effects, enabling
more accurate representations of intricate systems.

Numerous studies have introduced various methods to analyze the stability as well as the
existence of periodic solution, with fixed point theory being a frequently applied approach.
Further details on the topic are provided in [2, 1, 5, 6, 7, 8, 16, 17, 18, 19,20, 21, 24,29, 30, 31,

, 33, 34, 35] and the references therein.

Fixed point theory is a vital and active area of research with wide-ranging applications
across various fields (see [16], [17], [18], [21], [40]). This theory focuses on studying the conditions
that guarantee the existence of one or more fixed points for a self-map defined on a given set. It
emerged alongside the development of classical mathematical analysis and gained increasing
attention later due to the need to prove the existence of solutions for differential and integral
equations, which made it initially a purely analytical theory. Fixed point theory is divided
into three main branches: fixed point theory in metric spaces, fixed point theory in topology,
and fixed point theory in discrete systems. Among the fundamental and classical results in
these branches are Banach’s Fixed Point Theorem, Schauder’s Fixed Point Theorem, and
Krasnoselskii’s Fixed Point Theorem.

Historical Development of Fixed Point Theory: Fixed point theory constitutes one of
the fundamental frameworks in mathematical analysis, playing a pivotal role in both theoretical

and applied disciplines, particularly in the study of differential equations, integral equations,
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and dynamical systems. The field experienced a significant milestone in 1922, when the Polish
mathematician Stefan Banach formulated his celebrated Fixed Point Theorem, commonly
known as the Contraction Principle. This theorem asserts that any contraction mapping
defined on a complete metric space possesses a unique fixed point, which can be approximated
through a simple iterative process. The profound influence of this result laid the groundwork
for modern approaches to existence and uniqueness problems in ordinary differential equations.
Subsequently, around 1930 [39], the Polish-American mathematician Jakob Schauder extended
Banach’s principle to a broader setting by proving that continuous self-maps on compact and
convex subsets of topological vector spaces admit at least one fixed point. This generalization,
known as Schauder’s Fixed Point Theorem, greatly expanded the applicability of the theory to
infinite-dimensional settings and provided powerful tools for addressing nonlinear problems in
functional analysis and partial differential equations. In 1955, the Soviet mathematician Mark
Krasnoselskii introduced his distinguished hybrid fixed point theorem, which served as a bridge
between the results of Banach and Schauder. This theorem states that if a mapping can be
expressed as the sum of a contraction and a compact operator on a closed and convex subset of
a Banach space, then the mapping has a fixed point. This result, now known as Krasnoselskii’s
Fixed Point Theorem, has proven to be of great importance in the study of nonlinear integral

and differential equations, especially those involving mixed or hybrid operators.

Later in the twentieth century, specifically in 1998, the American researcher T. A. Burton
expanded and generalized Krasnoselskii’s theorem into a more flexible formulation known as
the Krasnoselskii-Burton Theorem. This formulation was designed to address complex systems
such as delay differential equations and other nonlinear dynamical models arising in fields like
physics, engineering, and biology. This advancement significantly enriched the applications of

fixed point theory, further reinforcing its role as a central tool in modern nonlinear analysis.

Calculus and Stability Analysis Calculus, in both its differential and integral forms,
provides a fundamental and flexible mathematical framework with broad applications in the
fields of science, engineering, and technology. Recent advancements in this area have led to
the development of new methodologies for analyzing the stability of solutions in differential
equations and dynamical systems [36, 37, 38]. In the context of contemporary research, effective
stability criteria for nonlinear integro-differential equations have been developed through the
integration of classical Lyapunov theory with fixed-point theorems, such as those of Banach
and Krasnoselskii. Lyapunov theory offers powerful analytical tools for assessing the stability of

nonlinear dynamical systems, while fixed point theorems are employed to establish the existence
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and uniqueness of solutions.

This synergy between the two approaches has enabled the formulation of more comprehensive
results that address issues related to time delays, nonlinearity, and integral dependencies in
complex mathematical models. Numerous recent studies highlight the success of this combined
framework in diverse applications, including neutral systems, delay differential equations, and
biological models. This research direction has significantly extended previous results on neutral
differential equations with time-varying delays, tackling previously unresolved challenges and
enhancing the general applicability of stability analysis in more realistic and practical contexts.

Recent Developments in Mathematical Modeling Alongside theoretical contributions,
recent years have witnessed significant advances in the modeling and simulation of dynamical

systems. Notable developments include:

o The development of advanced numerical techniques for simulating and analyzing dynam-
ical systems in electrical circuits and control theory, which has led to improved design,

performance prediction, and stability verification in engineering systems.

o The application of differential equations in epidemiological modeling and biological systems,
enabling researchers to more accurately simulate disease transmission dynamics, population

behavior, and ecosystem interactions.
» Novel approaches to neutral differential systems using Floquet theory and matrix solutions

These contributions collectively reflect the growing sophistication of mathematical tools and
their pivotal .

Recent Developments in Neutral Differential Systems with Time-Delays: Neutral
differential systems with time varying delays have attracted increasing attention in the scientific
community due to their structural complexity and their significant relevance in modeling various
applied phenomena in fields such as engineering and biology. Djoudi and Ardjouni, together
with their collaborators, are among the most prominent researchers who have made substantial
contributions to this area, introducing important advances at both the analytical and numerical
levels aimed at investigating the stability of such systems under nonlinear and complex delay
conditions.

Djoudi and Ardjouni research [1, 5, 6, 7] focuses on integrating robust mathematical tools
most notably Lyapunov’s theory for stability analysis and fixed point theorems such as those of

Banach and Krasnoselskii. This integration has enabled the construction of a comprehensive

Univ - Annaba Department of Mathematics Anis Bouhnik
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theoretical framework for proving the existence and uniqueness of solutions. The approach is
particularly flexible in addressing systems that involve non constant delays and memory effects,
thereby enhancing the precision of modeling and the analysis of long-term dynamical behavior.

Moreover, Djoudi, Ardjouni and his team [20, 31, 32, 33, 34, 35] have developed advanced
numerical techniques that improve the efficiency of such analyses. These methods have been
applied to realistic systems in areas including control theory, epidemic modeling, and biological
systems, affirming the essential role of specialized mathematical tools in dealing with models
characterized by complex and nonlinear dynamics.

These contributions represent a pivotal step toward expanding both the theoretical and
practical understanding of neutral differential systems with time-delays and reinforcing the
capacity to design more stable and reliable models for real-world applications.

In 2021, Boulaaras et al. published a comprehensive analysis of fractional-order neural
networks, providing new insights into the stability and synchronization of these complex systems
[12]. This work has opened new avenues for research in artificial intelligence and machine learning,
particularly in the development of more robust and adaptable neural network architectures.

The current work extends these foundations by investigating periodic solutions in generalized
neutral systems through Krasnoselskii’s fixed-point theory. Our approach builds upon recent
stability criteria for Caputo-derived systems while introducing new conditions for asymptotic
stability in time-varying delayed systems. The subsequent analysis demonstrates how these
theoretical advancements enable more robust modeling of transmission line phenomena and
nonlinear circuit dynamics.

In 2010, Ding and Li [19] analyzed the below equation:

= q(50) — au() — aru(sc — <) — cl'(u(3)) + erT(u(sc —<)).

Their work was motivated by issues in signal transmission lines and energy-related problems in
electrical circuit models. They used Krasnoselskii’s theory to define conditions for asymptotic
stability as well as the existence of periodic solution, correcting a previous result by Angelov in
2007 [2].

Mansouri, Ardjouni, and Djoudi [31] expanded on this research in 2017 by investigating the

following:
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d d
() =1 (30) L (u5 — ()

= () —a(2)u(s) = a(se)r(5) £(u( = () — c(0)T (u()) + c(5)r ()T (u(z - <(5))).

They used Krasnoselskii’s theory to demonstrate asymptotic stability as well as the existence
of periodic solution when coefficients and delay functions vary with time, a significant step

towards more realistic modeling of physical systems.

In 2020, Guerfi and Ardjouni [20] examined a neutral differential system with constant
delay:
d d
%u(%) — rau(% —q)

= Q) + N (0)u(s) + N (2)ru(sc —¢) — eI (u(3)) + erT (u(sc —)).

By using the fundamental matrix solution and Floquet theory, the authors converted the
differential system into an integral system, making it suitable for the application of Krasnoselskii’s
theory. This approach provided a more comprehensive framework for analyzing periodic solutions
in neutral systems.

Here, see [10] we analyze the following general neutral differential system, focusing on the

asymptotic stability with the existence of its periodic solution:

L) = 1(50) o L2 — 5(3)) = Q) + N (se)u(30)

TN ()r(50) £(u(s = < (5))) — (o) (u()) + c(3)r ()T (u(2 = ())),

here ¢ is a positive differentiable function, ¢ and r are continuously and twic continuously
differentiable. Moreover, the non-singular matrix i.e., n X n regard to continuous real value
function is denoted by N',Q, £, and I are assumed to be continuously differentiable functions.

The Krasnoselskii’s fixed point theory is used on this system to demonstrate the sufficient
condition for the stability and existence of periodic solution. This work extends and gener-
alizes the findings of Ding, Li, Mansouri, Ardjouni, Djoudi, and Guerfi, providing a more
comprehensive framework for analyzing neutral differential systems with variable coefficients

and delays.
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/.

Chapter One: serves as an introduction to fixed point theory, functional differential

The thesis consists of three chapters:

equations, and stability theory, where we establish the terminology and notations used. This
chapter is a survey aimed at reviewing some fundamental definitions and theorems. It also
presents some classical and recent results in the field of fixed point theory and functional
differential equations, especially of the neutral type with time delays, and stability theory. We
also present several examples and real-life models. We also talk about differential systems,
and we review the role of fundamental matrix solutions and Floquet’s theory in studying the

existence and stability of these systems.

Chapter Two: This chapter is dedicated to presenting the most important research
findings on the periodicity and stability of nonlinear neutral functional differential equations
with time delays in Banach spaces. The desired results are based on Krasnoselskii’s fixed
point theorem. More specifically, we present and summarize very important results primarily
concerning the existence and stability of periodic solutions for two problems that model issues
arising from an electrical transmission line. The first problem was studied by Ding and Li [19],
Using Krasnoselskii’s fixed point theorem, we provide sufficient conditions for the existence of
asymptotically periodic solutions. This study focuses on the challenges associated with analyzing
integrated electronic circuits containing lossy transmission lines and nonlinear resistive loads
with exponential voltage-current characteristics. The second problem, which we also discuss
in this chapter, was studied by Mansouri, Ardjouni, and Djoudi [31]. This is considered an
extension of the first problem, as it accounts for time-varying parameters, including time delays.
Following the same approach, this study yields more comprehensive results that help stabilize

oscillations along transmission lines.

Chapter Three: This chapter is of fundamental importance in this thesis as it contains
significant results concerning the study of differential systems. These results are both novel
and represent substantial advancements in the field, while simultaneously generalizing the
results presented in Chapter 2. We note that these findings were published in a recent research
article in early 2025, see [10] . Therefore, in this chapter we explore the existence of periodic
solution by transforming the neutral differential system into an equivalent integral system using
the fundamental matrix solution and Floquet theory. Also that we discusses the asymptotic-
stability of equilibrium and periodic solution by applying Krasnoselskii’s theorem to confirm the
asymptotic-stability of trivial solution. Additionally, we present sufficient condition to ensure

the stability of non-constant periodic solution. Practical examples are included to analyze the
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utility of the theoretical result, with particular emphasis on applications in electrical engineering
and control systems.

The overall goal of this study is to further the understanding of transmission line problems,
especially in how these problems relate to neutral differential equations and systems. As such,
we provide new conditions intended to guarantee the stability and existence of periodic solution.
These condition is more general and applicable to a wider range of systems than those previously
established in the literature. It is anticipated that these findings will help to improve the
understanding of dynamical systems with time delays, enhancing their applicability in a variety
of scenarios across both science and engineering.

Our work builds upon the recent advancements in integral calculus and stability analysis,
particularly those pioneered by Boulaaras and Ardjouni. By integrating these cutting-edge
approaches with classical fixed-point theory, we aim to provide a more robust and versatile
framework for analyze the complex dynamical system. This synthesis of modern and traditional
methods offers new possibilities for modeling and predicting the behavior of system with memory
effects, non-local interactions, and time-varying parameters.

The implications of this research extend beyond theoretical mathematics, offering potential

applications in fields such as:
o Advanced control systems for renewable energy integration
e Predictive modeling in epidemiology and population dynamics
o Design of robust communication networks with variable delays
o Analysis of complex biological systems with memory effects
o Development of more efficient and stable power transmission systems

By providing a more comprehensive understanding of periodic solutions in neutral differential
systems, this study aims to bridge the gap between theoretical advancements and practical
applications, paving the way for innovative solutions to complex engineering and scientific

challenges.
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CHAPTER

Preliminaries and fundamental concepts

1.1 Background Concepts in Functional Analysis

Definition 1.1. A metric d on a set X is a function d : X x X — [0,00) such that for all x,
y, z€X

i) d(z,y) >0 and d(z,y) =0 if and only if x =y,

i) d(z,y) = d(y,x) (symmetry),

i) d(x,y) < d(z,z) +d(z,y) (triangle inequality). A metric space (X,d) is a set X with
a metric d defined on X.

The metric space (X, d) is complete if every Cauchy sequence in X has a limit in X, i.e.,
every Cauchy sequence is convergent. We say that a sequence (xy,) a0 & X 1s a Cauchy sequence

if for all € > 0 there exists an N > 0 such that for all n, m > N, d (zy,xm) <e.

Definition 1.2. A linear space (E,+,.) is a normed space if for each x € E there is a
nonnegative real number ||x||, called the norm of x, such that

i) |lz]| = 0 if and only if x = 0,

i) ||az|| = |a ||z]| for each a € R,

iii) lz 4yl <zl + Iyl

Example 1.1. Let E = R", n > 1 be a linear space. Then R"™ is a normed space with the

following norms:
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n
i) |zl = Z |zi|, for all x = (x1,...,x,) € R",

3

1
i) ||lzf, = <Z |[l?l|p> , forallx = (x1,...,2y) € R" and p € (1,00),

=1
i) ||z o = max X |z, for all x = (a1, ..., x,) € R".

A norm induces a metric on the vector space, by d (z,y) = ||z — y|.
Definition 1.3. A Banach space is a complete normed space.

Example 1.2. The space C ([a,b] ,R") consisting of all continuous functions f : [a,b] — R"is

a vector space over the real. The number ||f|| = H<1a2<b|f( )|, where ||.|| is the norm in R",

defines a norm making (C, ||.||) @ Banach space.

Example 1.3. LetC*( R, R") and C( R, R™) to represent the spaces of continuous differentiable

and continuous function ¥ : R — R". For any 0 <T, we define
Cr={9e€C(R, R") |¥(+T)=19(s)},
Under the supremum norm which forms a Banach space:

190 = sup [0(>)] = sup [d(x)],
»€R #€[0,T]

For x € R", in which |.| indicates the infinite-norm. Furthermore, we denote Cp F‘lCl(IR, R")

as C%, which constitutes a Banach space equipped with the given norm
191l = 119llo + 170,

Example 1.4. Let ¢ : [a,b] — R" a continuous function and let S be the set of functions
continuous and bounded f : [a,00) — R"™ with f (t) = ¢ (t) fora <t <b, for f, g € S, we
defines

d(f,g)=If—gl= sup [f(t)—g(1)

a<t<oo
So (S,d) is a complete metric space. Define
M={p:[0,00) =R/ ¢ €C, || <1, ¢(t) = 0 when t — oo, }

and

Q={p:[0,00) >R/ ¢ €C, |p] <1}.

Let |.| the supremum norm and let |.|,, a norm weight defined by the data a function

h:[0,00) = [1,00), h (0) =1, h(t) — o0, and for ¢ € M or Q, we pose

@l = sup o ()] / | (1)] .
t>0
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12 Preliminaries and fundamental concepts

Example 1.5. (M,||.]|) is a Banach space.
Example 1.6. (Q,|.|,) is a Banach space.

Proof. Suppose that {¢,} is from Cauchy in this space. The restriction of {¢,} at the interval
0, k] remains of Cauchy and therefore admits a continuous limit defined on this last interval.
But this is true for everything £ = 1, 2, ... so we get a continuous limit on [0, c0) which clearly

belongs to Q. O]

Definition 1.4. A subset M of a metric space (X,d) is compact if any sequence{xy,} of M
admits a subsequence with limit in M. M is relatively compact if every sequence its closure is

compact, (i.e. M is compact).

Definition 1.5. Let U be an interval of R and let {fn} a series of functions with fp : U — RP.
Let ||.|| be any norm RRP.
(a) {fn} is uniformly bounded on U if there exists a M > 0 such that |f (t)| < M for all
nand allt € U.
(b) {fn} is equicontinuous if for any € > 0 there exists 6 > 0 such that t1, to € U and
t1 —ta| <6 imply | fn (t1) — fu (t2)| <€, for alln.
Theorem 1.1 (Ascoli-Arzela [17]). If {fn,} is a uniformly bounded and equicontinuous
sequence of real functions on an interval [a,b], then there is a subsequence which converges

uniformly on [a,b] to a continuous function.

Example 1.7. Consider the Banach space C (|a,b] ,R"™) with the norm of supremum ||f| =

max, |f (t)|, with |.| a norm of R™. Given two constant positive a and 3, the set
a<t<

L={f€C([at],R) /|l <o, |f ()~ f ()| < Blu—1]},
is compact. This is a consequence of Ascoli’s Theorem.

Example 1.8. (a) Let (E,d) denote the space of bounded continuous functions f : (—o0,0] —
R"™ with d(¢,v) = sup |¢(s) — 1 (s)| where |.| is the Euclidean norm in R"
<0

—00<Ss

(b) Then (E,d) is a Banach space.
(c) The set
L={feE/flI<L, If (w)=fW)]<u—v]}
is not compact in (E,d). To see this, consider the sequence of functions {fn} from (—o0,0]
into [0, 1] with fp, =0 fort < —n, fy is the straight line between the points (—n,0) and (0,1).
Any subsequence of { fn} converges pointwise to f, = 1. But d(fn,1) =1 for all n. Thus, there
is no subsequence of {fn} with a limit in (E,d).

Univ - Annaba Department of Mathematics Anis Bouhnik



1.2 Fixed point theorems 13

1.2 Fixed point theorems

Definition 1.6. Let f be a mapping in the set M. we call fized point of f any point x satisfying
[ (x) = x. If there exists such x, we say that f has a fized point, which is equivalent to saying

that the equation f (x) —x =0 has a null solution.

Definition 1.7. Let (E,d) be a complete metric space. The operator B : E — E is called the

contraction operator, if there exists a constant 0 < o < 1 such that
Vo,y € X, d(Bz,By) < ad(z,y).

Theorem 1.2. [Contraction Mapping Principle [17]] Let (E,d) a complete metric space
and let B : E — E a contraction mapping. Then there is one and only one point x € E with
Bx = x. Furthermore, if y € E and if {yn} is defined inductively by y1 = By, yn+1 = Byn,
then y, — x, the unique fixed point. In particular, the equation Bx = x has one and only one

solution.

Proof. Let xp € E and define a sequence {z,} in E by 21 = fxg, 1o = fr] = Prg,. iy =

fan—1 = f"zo. To see that {x,} is a Cauchy sequence, note that if m > n then

d(zp,zm) = d(fTxo, [Mx0) < ad (f"_lxg,fm_lxo) < ... <™ (xo, Tm—n)
< a"{d(xo,z1) +d(z1,22) + ... + d (Tm—n—-1,Tm—n)}
< a" {d(mo,xl)—i—ad (zo,21) + ... +a™ " 14 (xo,xl)}
= o"d(xg,21) {1+a+...+am_"_1}
o
< _ad(xo,xl).

Because a < 1, the right side tends to zero as n — oo. Thus, {z,} is a Cauchy sequence and

(E,d) is complete so it has a limit © € E. Now f is certainly continuous so
fo=7 (Jima) =l (Fan) = Jimnis =
and x is a fixed point. To see that z is the unique fixed point, let fr = x and fy = y. Then
d(z,y) =d(fr, fy) <ad(z,y),
and, because o < 1, we conclude that d (z,y) = 0 so that 2 = y. This completes the proof. [

Definition 1.8 (completely Continuous mapping). Let K be a subset of a Banach space
X and A : K — X mapping. if A is and A(K) is contained in a compact subset of X, then we

say that A is a compact mapping (we also say that A is completely continuous).
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14 Preliminaries and fundamental concepts

Theorem 1.3 (Brouwer’s Fixed Point Theorem [15]). Let B be closed ball in R™. Then

any continuous mapping f : B — B has at least one fixed point.

Theorem 1.4 (Schauder’s fixed point theorem|39] ). Let K be a nonempty closed convex
bounded subset of a Banach space (X, |.||). Then every continuous compact mapping f : K — K
has a fized point.

Proof. Let f: K — K be a continuous mapping. Since K is compact, f is uniformly continuous;
Thus, given € > 0, there exists § > 0 such that, for all z, y € K, we have ||f (z) — f (y)| <€,
provided ||z — y|| < 6. Furthermore, there exists a nite set of points {z1, 2, ...,z,} C K such
that K C Ui<j<pB (z4,0) where B (x;,0) is the open ball of centre z; and radius J. The
vector space L = Vect (f (2;)),< <y, is finite dimensional, and therefore , and K* = KN L is
non-empty, compact, convex and finite dimensional.

For 1 < j < n, we define the continuous function ¢; : X — R by

Vi (x) =1{.0, if [z -z >0,1- Hx;m]’H’ otherwise,

We see that ¢; is strictly positive on B (z;,0) and vanishes elsewhere. Therefore we have
Z Y; (x) > 0, for all z € K, and this continuous function is therefore bounded below on K.

7j=1
We can therefore define a partition of unity,

by (x)
pj (z) = :
i (@) =1 ¥k (2)
n
which satisfy Z @j (x) =1, for all z € K. We put then, for z € K, g ( Z ©i(z
j=1

g is continuous (because it is the sum of the continuous functions) and its values are taken into
K™ because g () is a center of gravity of f (z;). So if we take the restriction gg» : K% — K™,
(by Brouwer’s theorem) ¢ has a fixed point y € K*. Furthermore

f(y)—y:f(y)—g(y)ziw(y)f(y)—és@j(y)f(xj)ziwj(y)(f(y)—f(ﬂfj)%

or if ¢; (y) # 0 then |y —z;|| < 0, and so | f(y) — f (z;)|| < e We have for every j,
HSOJ( ) (f (v) — f(%))” < €pj (y), and so

If (y) =yl < Z e () (f (y) = f (25))]] < Zﬂpy =€
7j=1

So, for any integer m, we can find a point y,, € K so that ||f (ym) — ym| <27™. And since K

is compact, from the sequence (¥ ),,cz We can extract a subsequence (¥, ) which converges
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1.2 Fixed point theorems 15

to a point y* € K. Then, f being continuous, the sequence (f (ym, )) converges to f (y*), and
we conclude that f (y*) = y*, i.e. ™ is a fixed point of f on K. H

In 1955 Krasnoselskii’s ([17], [40]) observed that in a good number of problems, the
integration of a perturbed differential operator gives rise to a sum of two applications, a
contraction and a compact application. It declares then, Principle: the integration of a
perturbed differential operator can produce a sum of two applications, a contraction
and a compact operator. For better understanding this observation of Krasnoselskii, consider

the following differential equation.

S () = —a(t)r (t) — g (62). (1)
ora(t+7) =a(t) and g(t+7T,z) = g(t,z) for a certain T' > 0. We can transform this

equation in another form while writing, formally

o (1) exp (/Ota(s)ds> — —a(t)z(t)exp </Ota(s)ds> g (tx)exp (/Ota(s)ds>,

thus

2 () exp (/Ota(s)ds> Falt)z(t)exp (/Ota(s)ds> — _g(tx)exp (/Ota(s)d:s),

<:1: (t) exp (/Ota(s) ds))/ — —g(t,z (1)) exp </0ta(s) d5> ,

then integrating from ¢t — 1" to t, we obtain

/:_T (x (u) exp (/Oua(s) ds))ldu = —/:_Tg(u,x(u))exp (/Oua(s) ds) du,

what gives

or

2 (t) = 2 (t—T) exp (- [ a(s) ds) —/tt_Tg(u,:C(u))eXp (—/ta(s) ds> du. (1.2)

T—t u

t
If we suppose that exp <_/T a(s) ds) = a < 1, and if (X, ||.||) is the Banach space of
t

functions ¢ : R — R continuous and 7" -periodic, then the equation (1.2) can be written as

¢ (t) = (Bo) (1) + (A9) (t) = Po (1),

where B is contraction provides that the constant @ < 1 and A is compact mapping. This

example shows the birth of the mappin t) = t) + t) who is identified with a sum
ple sh he birth of th pp'gP¢() Bqﬁ() Aqﬁ() ho is identified with
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16 Preliminaries and fundamental concepts

of a contraction and a compact mapping. Thus, the search of the solution for (1.2 ) requires an
adequate theorem which applies to this hybrid operator P and who can conclude the existence
for a fixed point which will be, in his turn, solution of the initial equation (1.1). Krasnoselskii
found the solution by combining the two theorems of Banach and that of Schauder in one hybrid

theorem which bears its name. In light, it establishes the following result [16], [40].

Theorem 1.5 (Krasnoselskii). Let D be a closed bounded convex nonempty subset of a Banach
space (X, ||.||). Suppose that A and B map D into X such that

i) A is compact and continuous,

it) B is a contraction mapping,

iti) x; y € D, implies Ax + By € D,

Then there exists z € D with z = Az + Bz.

Proof. According to the condition (ii) we have

I =B)z—{I-B)yl = l(z—y)—(Bz— DBy
< lz =yl + 1Bz — Byl
< =yl +alflz—yl
= (I+a)llz—yl,

and

II-=B)z—(I-B)y| = [(z—y)—(Bx— By
> |lz—yll = [|1Bx — By]
> Jle—yll—alle—yl
> (I—a)llz—yl.

In short

A=a)lle -yl <lI-B)z—(I-B)y| <(1+a)lz—yl.

This inequality shows that (I — B) : D — (I — B) D is continuous and one to one. Thus,
(I —B)™" exist and is continuous. Let us pose U = (I — B) ™" A. It is clear that U is compact
mapping, because U is a composition of a continuous mapping with a compact. Under the

theorem of Schauder, U has a fixed point, i.e.
2z €D such that (I—B) " Az =z

This is equivalent to z = Az + Bz. n
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1.3 Delay differential equations 17

Remark 1.1. If A = 0, the theorem become the theorem of Banach. If B = 0, then the theorem

is not other than the theorem of Schauder.

1.3 Delay differential equations

1.3.1 Fundamental concepts

Suppose 7 > 0 is a given real number, R = (—o00, +00), R" is an n-dimensional linear vector
space over the reals with norm |- |, C ([a,b],R") is the Banach space of continuous functions
mapping the interval [a, b] into R™ with the topology of uniform convergence. If [a,b] = [—T, 0]
we let C'= C ([—7,0],R") and designate the norm of an element ¢ in C by |p| = sup . lo (s)].

—T<s<
Even though single bars are used for norms in different spaces, no confusion should arise. If

to € R, A>0and z € C([to—7,t0 + A],R"),

then for any t € [to, o + A], we let 2y € C be defined by z¢ (s) = z (t + s) for s € [—7,0]. For
OQOCRxXxC,and f:Q — R" is a given function and represents the right-hand derivative, we
say that the relation

(1) = f(t,x), (1.3)

is a retarded functional differential equation on () and will denote this equation by DDE. The
number 7 is called the delay. The case 7 = 0 corresponds with an ordinary differential equation.
It is clear that an appropriate initial condition at time ¢ = ty must at least specify the vector x

for all t € [to — 7, t0], i.e

l‘(t):w(t), tE[tQ—T,to]. (1.4)

Here v : [tg — 7, tg] — R" is a known function, usually we suppose 9 to be a continuous function.
The function v is called the initial function of the delay differential equation. Hence, the initial

value problem of (1.3) is given by the following relation

o' (t) = f(t,zr), t > to,
z(t) =1 (t), to—7 <t <to,

where 1 is a given function defined on ¢ € [ty — 7, to].
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18 Preliminaries and fundamental concepts

Definition 1.9. Equation (1.3) is called
(i) linear if f (t,90) = L (t) 1), where L (t) is linear for each t.
(ii) nonhomogeneous if f (t,7p) = L (t) 1y + h (t), where h(t) # 0.
(iii) autonomous if f (t,v) = g (), where g does not depend on t.

Example 1.9. The following equations are delay differential equations:

2 (t) = x(t) +z(t —4), (1.6)
2'(t) = a(t)z(t) + b(t)2'(t — 7(t)) + h(t), (1.7)

2 (t) = /_OTx(t—i—s) ds, (1.8)

where a(t), b(t), 7(t) are continuous functions. Equation (1.6) represents an autonomous linear
differential equation with constant delay T = 4, equation (1.7) is a linear differential equation
with non-homogeneous non-autonomous functional delay, and equation (1.8) represents a delay

linear integro-differential equation.

Definition 1.10. A function x is said to be a solution of (1.3) on [ty — T,to + A] if there are
to € R, A > 0 such that x € C([to — 7,t0 + A],R™) and x satisfies (1.3) fort € [to,to + A]. In
such a case, we say that x is a solution of (1.3) on [tg — T,to + A]. For a given ty € R and a
given 1) € C, we say that x = x(t,t9, ) is a solution of (1.5) with initial value at ty or simply
a solution of (1.5) through (to,) if there is an A > 0 such that x(t,t,v) is a solution of (1.5)
on [to — 7, to + A] and x4, (to, V) = 1.

Lemma 1.1. [21] Let to € R, ¥ € C, and f: QO C R x C — R" be a continuous function.
Then x(t,to,v) is a solution of (1.5) at (to,v) if and only if x(t,to,v) is a solution of the

integral equation:
z(t) =¢(0)+/t§f(u,xu)du, t > to,
Tty = Y.
Proof. e Necessary condition Let x(¢,tp,1) a solution of (1.5), then:

(1.9)

d(t) = f(t,x), t=>to,
l’to = ’Lb

By integration, we get:

/t 7' (u)du = z(t) — x(ty) = /t:jf(u,xu) du, t>to.

to
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1.3 Delay differential equations 19

Given that x(tg) = x(to +0) = x4,(0) = ¢(0), we obtain:

o(0) = 6(0) + [ o) du,
xto = 77/1

e Sufficient condition Let x(¢, %y, %) be a solution of the integral equation (1.9). Then:

_ t+h
z(t+h) — x(t) lim 1
h—0 h h—0 h Jt

f(u,xy) du.

Since f(t,x¢) is continuous in ¢, by the Mean Value Theorem we have:

1 t+h
}llli%%/t f(uyxu) du = f(t,l’t),

which completes the proof. O
Lemma 1.2. [21] If x € C([to — 7, to + A],R™), then x; is continuous in t for t € [to,to + A].

Proof. Since x is continuous on [ty — 7,ty + A], it is uniformly continuous. Thus, for any ¢ > 0,
there exists 6 = d(e) > 0 such that |z(t) — 2(7)| < € when |t — 7| < §. Consequently, for
t, 7 € [to, to + A] with |t — 7| < §, we have:

lz(t+s) —x(r+s)| <e Vse[-7,0],
which proves the continuity of xy. O]

Theorem 1.6. [Existence [21]] Let Q) be an open subset of R x C and f(t,v) continuous on
Q. For any (to,v) € Q, there exists a solution of (1.8) passing through (to,v).

Definition 1.11. The function f(t,v) is Lipschitz in ¢ on a compact set K C R x C if there
exists a constant k > 0 such that for all (t,7;) € K, i =1,2:

|[f (1) = f(t,02)] < Kby — 1o (1.10)

Theorem 1.7. [Existence and Uniqueness [21]] Let OO C R x C be open, f: Q — R"
continuous, and f(t,v) Lipschitz in ¢ on each compact subset of Q). Then for any (tg,v) € Q,
there exists a unique solution of (1.3) through (tg, ).
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20 Preliminaries and fundamental concepts

1.3.2 Method of Steps

The method of steps is a classical analytical technique used to solve certain classes of delay
differential equations (DDEs). Although this method is often regarded as being too tedious
for practical use, the availability of computer algebra systems has significantly reduced the
computational burden associated with its implementation (see [23]).

Consider the following linear delay differential equation with constant delays:
' (t) = apx(t) + arz(t —wy) + - + amr(t — wp,), (1.11)

where the initial function is prescribed as

Let

Then, for all ¢ € [0,b], the delayed arguments (¢ — w;) are completely determined by the
initial function ¢. Consequently, equation (1.11) reduces on the interval [0, b] to an ordinary

differential equation of the form
7' (t) = apx(t) + a19(t —wi) + - + amd(t — wp,).
Integrating, we obtain
z(t) = z(0) + /Ot (apz(s) +arp(s —wi) 4+ + amd(s — wp)) ds, 0<t<hbh.

Once the solution is known on [0,b], the same procedure can be applied on the next interval

[b, 2b]. In this case, the solution is given by
t
z(t) = x(b) —|—/b (apz(s) +arp(s —wi) + -+ amo(s —wp,)) ds, b<t<2b (1.12)

This iterative process can be continued step by step, provided that the resulting integrals remain
tractable. Although the method may become cumbersome for general problems, it can be

efficiently implemented for certain classes of equations using symbolic computation tools.
Example 1.10. As a simple illustration, consider the delay differential equation

() =zt -1),

Univ - Annaba Department of Mathematics Anis Bouhnik



1.3 Delay differential equations 21

with the constant initial function

On the interval [0,7], we have

which yields
z(t) = 4t + 4, 0<t<T.

Using this result, the solution on the interval [7,14] is obtained as
t
(1) = /7 2(s —7)ds+ 2(7) = 262 — 24t + 102.

This stepwise procedure can be easily implemented in computer algebra systems such as Maple

using a simple for loop.
Example 1.11. Consider the delay differential equation
2 (t) =ax(t—71),
where a and T are constants with T > 0, together with the constant initial function
o(t) =c, to—7<t<to.

Applying the method of steps, the solution can be expressed in the closed form

(52
2(t) = c ZO %(t—to—(n—l)r)n. (1.3)

The method of steps can also be applied to delay differential equations with variable delays.

Consider, for instance, the equation

() = f(tx(t),x(t = 7(1)), (1.13)
where 7(¢) is a continuous delay function. If there exists a constant d > 0 such that

tlgtfoT(t) =d,

then the method of steps applies in a straightforward manner. In this case, the solution can be
constructed iteratively on successive intervals of length d, where on each step equation (1.13)

reduces to an ordinary differential equation of the form

£(6) = £(t.x(0). vt~ 7 (1)),

with ¢, denoting the known solution from the previous step.
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1.3.3 Neutral delay differential equations

Definition 1.12. [21] Suppose O C R x C' is open with elements (t,¢). A function D : Q) —
R" is said to be atomic at § on Q). if D is continuous together with its first and second Fréchet
derivatives with respect to ¢ and Dy, the derivative with respect to ¢, is atomic at B on ().
Suppose that Q@ C R x C is open, f: Q — R", D: Q — R" are given continuous functions

with D atomic at zero. Consider the neutral delay differential equation

th (t,20) = f (t,21), (1.14)

Definition 1.13. [21] A function x is said to be a solution of (1.14) on [to —r,to + A] if there
are to € R, A > 0 such that

reC([to—r,to+A],R"), (t,x1) € Q, t € [to, to+ 4],

D (t,x¢) is continuously differentiable and satisfies equation (1.14) on [to,to + o]. For a given
t € R, ¢ € C and (to,v) € Q we say x (t,to,v) is a solution of equation (1.14) with initial
value ¥ at to or simply a solution through (to,v), if there is an A > 0 such that x (t,to, V)
is a solution of (1.14) on [to —r,to + A] and x4, (to, ) = ¢; we say x (t,t9,%) is a solution
of (1.14) on [ty —r,00) if four every A > 0, z (t,tg,) is a solution of equation (1.14) on
[to — 7, to + A] et xy, (to, ) = 1.

We now review the existence and uniqueness theory for the solution of the equation (1.14).

Theorem 1.8. [Existence [21]] if Q) is an open set in R x C and (tg,¢) € Q, then there
ezists a solution of the NDDE (D, f) through (to,v).

Theorem 1.9. [Uniqueness [21]] if Q) is an open set in R x C' and f (t,v) is Lipschitz in ¢
in each compact set in Q), then, for any (to,v) € Q) there exists a unique solution of the NDDE

(D, f) through (to, ).
We have the following example

Example 1.12. The following expressions

P) = wt-1)+ [ (1 -3)+1],

"

2 () = x<;)+x'(t—1)—x'(t—3).

are neutral delay differential equations.
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1.4 Stability theory for delay differential equations 23

Remark 1.2. There are many problems with time delay in the scientific literature, and some of
them have attracted considerable attention, including the following: Economic model, Controlling

a ship, Biology model, Mixing of Liquids, The sunflower equation, see [10]

1.4  Stability theory for delay differential equations

Accurate Stability Classification Based on Observed Behavior

Graphical Representation

141 ]
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—0.4

Time ¢t

Orange: Stable only
- Brown: Uniformly Stable
--- Green: Asymptotically Stable
—— Purple: Uniformly Asymptotically Stable
— Blue: Exponentially Stable

Figure 1.1: Stability classification matching the original plot exactly.

Suppose that f: R x C — R", is continuous and consider the delay differential equation

(1) = f(t,x). (1.15)

The function f will be supposed to be completely continuous and to satisfy enough additional
smoothness conditions to ensure the solution z (¢, ¢p, 1) through (¢p, 1) is continuous in (t, to, ¥)

in the domain of definition of the function.
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Definition 1.14. [17] Suppose f (t,0) = 0 for allt € R. The solution x = 0 of equation (1.15
) is said to be stable if for any to € R, € > 0, there is a § = d (¢,tg) > 0 such that ||[¢] <
implies |z (t,to, V)| < € fort > tg. The soluition x = 0 of equation (1.15) is said to be uniformly

stable if the number § in definition is independent of tg.

Definition 1.15. [17] The solution x = 0 of equation (1.15) is said to be asymtotically stable
if it is stable and there is a by = by (to) such that ||| < 0 implies that = (t,t9,¢) — 0 as
t — 00. The solution x = 0 of equation (1.15) is said to be uniformly asymtotically stable if
it is uniformly stable and ther is by > 0 such that for every n > 0 there is a ¢y (n) such that
0] < by implies |z (t,to, )| <n fort >ty+co(n) for every t € R.

Lyapunov’s direct method has long been viewed as the main classical method of studying
stability problems in many areas of differential equations. The difficulty of this method is to
look for a suitable Lyapunov functional or Lyapunov function.

If V:R x C — R is continuous and x(¢, tp, ) is a solution of (1.15) through (¢g,%), we
define

V/(t,9) = Tim sup o [V (14 bt 0) = V().

The function V'(t,1)) is the upper right-hand derivative of V(¢,) along the solution of (1.15).

Theorem 1.10 ([21]). Suppose f: R x C — R" takes Rx (bounded sets of C') into bounded
sets of R", and u, v, w : Rt — R are continuous non-decreasing functions, u(s) and v(s) are
positive for s >0, and u(0) = v(0) = 0. If there exists a continuous function V : R x C'— R
such that:

u(|[$(0)) <V (¢, ¢) < w(l¥]),
VI(t,4) < —w([(0))),

then the solution x = 0 of equation (1.15) is uniformly stable. If w(s) > 0 for s > 0, then the

solution x = 0 is uniformly asymptotically stable.

Numerical Examples and Tests

Example 1.13. We study the differential equation:

i(t) =ax(t), z(0)=1 (1.16)
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Stability Analysis Depending on the sign of a, we obtain: Numerical Values of the

Solution We compute the values of x(t) for selected values of t and three representative values

of a:

Table 1.1: Values of z(t) for different a

t  z(t) fora=-1 z(t) fora=0 =z(t) fora=0.7

0 1.000 1.000 1.000
0.5 0.607 1.000 1.419
1 0.368 1.000 2.014
1.5 0.223 1.000 2.858
2 0.135 1.000 4.060
2.5 0.082 1.000 5.767
3 0.050 1.000 8.188

Graphical Representation

10 T T T T T T T T T T T T T T
8 [
6 [ |
&t
4 [ |
2 [ |
0 | | | | | | 1 T T T - ! L L
0 02 04 06 08 1 1.2 14 16 1.8 2 22 24 26 28 3
t
—a = —1 (asymptotically stable)
— a = 0 (stable)
— a = 0.7 (unstable)
Figure 1.2: Solutions for different values of a.
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Example 1.14. Behavior of the Delay Differential Equation

2(t) = azx(t —71)

Case Analysis with Delay 7 =1 We analyze the delayed differential equation:

©(t) =ax(t—71), t>0, z(s)=1,-7<s5<0

(1.17)

with different values of a to understand the long-term behavior of the solutions.

o Asymptotically Stable: a = —1 results in oscillations that decay to zero.

o Stable (not asymptotically): a = 0 yields constant solutions.

o Unstable: a = 0.05 results in exponential-like growth.

Table 1.2: Values of z(t) for different a

t x(t)fora=—-1 xz(t) fora=0 z(t) for a = 0.05
0 1.000 1.000 1.000
1 0.000 1.000 1.000
2 -1.000 1.000 1.051
3 0.000 1.000 1.105
4 0.500 1.000 1.161
5 0.000 1.000 1.221
6 -0.250 1.000 1.284
7 0.000 1.000 1.349
8 0.125 1.000 1.419
9 0.000 1.000 1.492
10 -0.063 1.000 1.568
11 0.000 1.000 1.648
12 0.031 1.000 1.732
13 0.000 1.000 1.819
14 -0.016 1.000 1.910
15 0.000 1.000 2.005
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Plot of Solutions

3 T T T T T T T T T
2, |
= Ir 1
=
0, |
_1, |
| | | | | | | | |
0 2 A 6 8 10 12 14 16
¢

——a = —1 (Asympt. Stable)-+-a =0 (Stable)--+--a = 0.05 (Unstable)

1.5 Differential Systems

1.5.1 Generalities

Consider the linear system of ordinary differential equations of the form

2y = ar (H)z1(t) + ar2(t)za(t) + - 4 arn(t)zn(t) + 01 (1),
wy = ag1 (t)x1(t) + aga(t)w2(t) + - - - 4 agn(t)xn(t) + g2(t),

2y, = an1 (t)21(t) + an2(£)z2(t) + - + appn (£)xn (£) + gn (1),
where the functions a;j,9;, 1 <i < n, 1 <j <n, are continuous real-valued functions on an

interval I. Using vector and matriz notations, the above system is equivalent to the vector

equation
x'(t) = A(t)x(t) + (1), (1.18)
x I/ a a a t
herexim |2 i | |0 e |20
Tn T anl Qp2 ** Gpp gn(t)

fort in Z. Note that the matriz functions A and g are continuous on an interval Z if and only
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if all their entries are continuous on Z.

Definition 1.16. We say the n x 1 vector y is a solution of (1.18) on I ify is continuously
differentiable on T and

forallt inT.

We denote the space of n-tuple continuously differentiable functions x : T — R" by
CYZ,R™). Next, we define matriz norm.

Definition 1.17. Let A be a matriz with entries a;;, 1 <i <n, 1 <j <n, that is, A = (a;).

We define the following possible norms on the matriz A.

1. The 1-norm:
Al = max (

I<j<n

i laz'j!>

1=1

(the mazximum absolute column sum).

2. The infinity norm:
n
[Alloo = max (]; |%‘|>

(the maximum of the sums of the absolute values along each row).

3. The Euclidean norm:
n

I41s = |3 i“’”’)z

1=

(the square root of the sum of squares of all entries).

Theorem 1.11. [Gronwall’s inequality [36]] Let C' be a nonnegative constant, and let u,v

be nonnegative continuous functions on [a,b] such that
t
v(t) < C +/ v(s)u(s)ds, a<t<b. (1.19)
a

Then
v(t) < C’efcf “(s)ds, a<t<hb. (1.20)

In particular, if C =0, then v = 0.
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Theorem 1.12. Suppose A(t) and g(t) are continuous on some interval a <t <b. Then (1.18)
has a unique solution ¢(t) on the interval a <t < b with ¢(tg) =n and a <ty < b.

Proof. Applying Theorem 1.11 (Gronwall’s inequality) [

Corollary 1.5.1. If A(t) and g(t) are continuous on R, then the unique solution ¢(t) of (1.18)
is defined for allt € R.

In the next discussion, we try to estimate the error between two solutions. Let ¢1 and ¢ be

two solutions of (1.18) with ¢1(to) = m and ¢2(to) = n2, respectively. Then

1(0) = (0] < [on(t0) = n(t0) | [ AG)01(5) — ()] s
< b=l + [ 1AG)101(5) — 2(5)] ds.

Using Gronwall’s inequality, we arrive at
t
91(t) — d2(t)| < Im — n2|eﬁ0 Jallds, (1.21)

which is an estimate of the error between the two solutions at two different initial conditions.

1.5.2 Fundamental matrix and exponential matrix

Fundamental matrixz

Solving the non-homogeneous equation (1.18) requires solving the homogeneous system
2 (t) = A(t)z(t), (1.22)

where A(t) is an n x n matriz of coefficients a;;(t), which are assumed to be continuous on an
interval T. Recall that a solution x(t) of (1.22) is an n-tuple of C1 functions z; : T — R. We
adopt the notation

x1(t)

xo(t)

z(t) =

Q)
The solution x may be considered as a C* vector-valued function x : T — R™. The space of such

functions is denoted by C1(I,R™). If S is the solution space of (1.22), then S € C1(Z,R™).
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Definition 1.18. (Fundamental set of solutions) A set of n solutions of the linear
differential system (1.22), all defined on the same open interval I, is called a fundamental set

of solutions on L if the solutions are linearly independent functions on I.
We have the following corollary.

Corollary 1.5.2. Let A(t) be an n x n matriz of continuous coefficients a;;(t) on an interval Z.
If {d1(t), d2(t), ..., on(t)} form a fundamental set of solutions on I, then The general solution
of (1.22) is given by

z(t) = c1o1(t) + capa(t) + - - + cnpn(t)

with constants ¢;, 1 =1,2,...,n.

Definition 1.19. [Fundamental matriz] A matriz solution ® is called a fundamental matrix
solution (or, shortly, fundamental matrix) of (1.22) on an interval T if its columns form a
fundamental set of solutions. If, in addition, ®(tg) = I, then a fundamental matriz solution is

called the principal fundamental matrix solution (or, shortly, principal matrix ).

Theorem 1.13. (/36]) The matriz ® is a fundamental matriz of ¥’ = Az at to if and only if
(a) ® is a solution of ¥’ = Az, i.e. @ = AD, and
(b) det ®(tg) # 0.

Example 1.15. We claim that the matrix

—t t
e te
D(t) =
— b (1—t)e?
is the fundamental matriz for the system
0 1 x
2(t) = 1
-1 =2 9
To see this, we have
—t —t —t —t —t
—e e " —te —e 1—-1)e
el et —(1—t)et et 2t tet
On the other hand,
0 1 0 1 e’ te”? —e bt (1—t)e!
@ - =
-1 =2 —1 =2) \ =" (1—t)e? et tet—2e7!
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Definition 1.20. The state transition matrix for the homogeneous linear system (1.22) on the
open interval I is the family of fundamental matriz solutions t — Y (t,7) parametrized by 7 € T

such that Y(7,7) = I, where I denotes the n x n identity matriz.

Proposition 1.1. ([18])[the state transition matriz] If ®(t) is a fundamental matriz
solution, for the system (1.22) on I, then¥ (t,7) := ®(t)® (1) is the state transition matriz.

Also, the state transition matrix satisfies the Chapman—Kolmogorov identities:
Y(r,7)=1, Y(t,5)¥(s,7) =¥(t,7)
and the identities:

Wt 5) "L = ¥(s,1), (55‘}’(75, 5) = —¥(t, 5)A(s).

Exponential matrix
The concept of the matrix exponential is considered one of the fundamental tools in applied
mathematics, particularly in systems theory, control engineering, signal processing, and com-
munication systems. Its role extends beyond merely solving linear time-invariant systems to
encompass the complete characterization of system dynamics, frequency response analysis, and

stability investigations.

Definition 1.21. Let A be an n X n constant matriz. Then we define the exponential matrix

function by eA(t_tO), which is the solution of ¥’ = Az, and A0 = 1 (identity matriz).
Thus we have already proved that
2(t) = ety (1.23)

is the unique solution of
2 (t) = Ax(t), x(to) = o, (1.24)
for all t € R.

Definition 1.22. For any square matriv A € C"*" and scalar t € R, the matriz exponential is

defined by the absolutely convergent series:

00 k 2 3
At _ = (A7 (At)” (A1)
e _g_:o o S AL S TR

where I denotes the n x n identity matrizx.
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Theorem 1.14 (Convergence). The matriz exponential series converges absolutely for all

AeC™" andt e R.

Proof. Using the matrix norm || - ||, we have:
o0
Z (At Z \|AH|15| _ Al < o
k=0 k=0

Theorem 1.15. [70] Let A and B be n x n constant matrices. Then:

d
1. —e = A t e R;
at©

2. det(e) #0, t € R, and e is a fundamental matriz solution for (1.22);

1 1
5. M =14 At + S (AP + (A + o+ ,(At)’“+---;

k!
4. etteds = eA(H'S), t,s € R;
—1
. (eAt) = e_At;
6. If AB = BA, then ¢'B = Bet;

7. If AB = BA, then eAteBt — e(AJrB)t, teR;

8. If P is a nonsingular matriz, then PBPT — peBp-1

Methods for Computing et

Direct Series Expansion For simple matrices, the series can be computed explicitly by

summing terms until convergence. However, this is often impractical for large matrices.

> (At A%2 A3
eAt=Z(k|) =1+ A e (1.25)
k=0 ’

Diagonalizable Matrices If A is diagonalizable, i.e., A = PDP~! where D =
diag(A1, A2, ..., An), then:

Mt 0
0 e ... 0

At = pePipt=p| = | P! (1.26)
0 0 eAnt
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Jordan Canonical Form For non-diagonalizable matrices, A can be decomposed into

its Jordan form A = PJP~!, where J consists of Jordan blocks. Then:
et = peltp! (1.27)

where e’! is computed block-wise using:

t2
L

it =t |01t (1.28)
00 1

Using Laplace Transforms The matrix exponential can also be computed using the

inverse Laplace transform:

et =7 {(s1 - A)71} (1.29)

Putzer’s Algorithm An alternative method for computing e without eigenvectors,

using the Cayley-Hamilton theorem.

Theorem 1.16. [70] Let A(t) be ann x n matriz, and let g(t) be an n x 1 vector, both continuous
on some interval I. Suppose @ is the fundamental matriz of the homogeneous system. Then

x(t) is a solution of

¥ =At)xr+g(t), x(to) = xo, t > to, (1.30)
on I if and only if x satisfies
(1) = D1 (tg)o + /tzq)(t)q)_l(s)g(s)ds, (131)
where tog € I and xg € R".

Remark 1.3. In the case where A is an n X n constant matriz, the exponential matriz is

equivalent to

pAlt—to) _ cp(t)cb_l(to),

which is the principal matriz. In this case, (1.31 ) reduces to or takes the form

t
2(t) = Atz + /t eAt=9) g(5) ds. (1.32)
0
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Example 1.16. Solve the system:

- (42, —15te™ o |7
oy ) () o[

Using Putzer’s algorithm, we find the matrixz exponential:

eAt —

1 ( e2 1 gedt 262t+265t)
? .

_36—2t +3€5t 66—2t_|_€5t

Note that €A% = I. Using formula (1.32), the solution is:

z(t) = 1 ( e 246”27 265t> <7>
T\ —3e720 43¢5 e 2 4 7 3
t1 [ e 2(t=5) 4 geblt=s)  _9o—2(t=s) L 9 5(t=s)\ [_15ge—28
+/O 7 (362(755) +365(=9)  ge—2(t=s) L (5(t—s) ) ( —4se 2 ) dS
1 [ (6428t —Tt)eH 4 92¢™
Tl (S 1404 2112)e 2 44665 )

Remark 1.4. Another point of discussion is that if we integrate (1.22) from tg to t, then we get

2(t) = eftto As)ds.

Now let
D(1) = el A, (1.33)

For ®(t) to be a fundamental matriz solution, we must have

A(t) (/t:A(s)ds> - (

Example 1.17. Find the fundamental matriz ®(t) for the system

1 ¢ 1t
7= ( ) (xl) ,  where A(t) = ( ) and O(t) = eho s,
t 1 ) t 1

t t 3 2
A(t) (/0 A(s)ds) _ (/0 A(s)ds) A(t) = (t ;;/22 ti’ftg;) |
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The matriz /A(t)dt has eigenvalues:

12 t2
Alzt—i_? and AQZt—E

The corresponding eigenvectors (independent of t) are:

1 —1
AL, K = P A, Ky =
1 1
1 -1\ o111 . ot .
Let H = with inverse H * = = . We dzagonalzze/ A(s)ds via:
11 2\-11 0
2
t i+ — 0
J=H" (/0 A(s)ds> H= 2,
0 t——
2
The exponential matriz of J is:
2
5 et+% 0
e’ = 2
0 el
Finally, the fundamental matriz is:
P N R
D(t) = el AGMs — geTpg—1 = < e; e ; e; - ;
2 €2 —e 2 e2 +e 2

1.5.3 Floquet Theory and stability systems

/

bution to differential equation theory through his development of Floquet theory, published

In 1883, French mathematician Gaston Floquet (1847-1920) made a pioneering contri-

in the Annales Scientifiques de ’Ecole Normale Supérieure. This theory focuses on studying

linear differential systems with periodic coefficients expressed by the formula:

2'(t) = A(t)z(t) where A(t+T) = A(t),

representing a fundamental mathematical framework for analyzing periodic systems. Floquet

demonstrated that fundamental solutions to these systems take the form:
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where P(t) is a periodic function and B is a constant, while introducing the concept of Floquet
multipliers used to assess system stability. The applications of this theory extend beyond
theoretical frameworks to encompass broad practical domains including: Vibration physics in
Mathieu oscillators, Electrical circuit engineering, Biological rhythm studies. Later expanded to
include nonlinear systems through Floquet-Lyapunov theory, this work became a cornerstone
of applied mathematics in the 20th century. Although Floquet’s fame never reached that of
contemporaries like Henri Poincaré, his theory proved particularly influential in fields such
as: Quantum mechanics, Solid-state physics. In this section, we will begin the study of linear
systems of the form

2'(t) = A(t)z, z€R" (1.35)

where t — A(t) is a T-periodic continuous matrix-valued function. The main theorem in this
section, Floquet’s theorem, gives a canonical form for each fundamental matrix solution. This
result will be used to show that there is a periodic time-dependent change of coordinates that
transforms system (1.35) into a homogeneous linear system with constant coefficients. Floquet’s

theorem is a corollary of the following result about the range of the exponential map.

Theorem 1.17. [15] If C' is a nonsingular n X n matriz, then there is an n X n matrix B,

possibly complex, such that P =C.

Theorem 1.18. [Floquet’s Theorem [18]] If ®(t) is a fundamental matriz solution of the
T-periodic system (1.35), then, for allt € R,

O(t+T) =@(t)P (0)D(T).
In addition, for each possibly complex matriz B such that
B = @71 0)d(T),

there is a possibly complex T-periodic matriz function t — P(t) such that ®(t) = P(t)e!? for
allt € R.

Proof. Since the function t — A(t) is periodic, it is defined for all ¢ € R. Thus, by [ [18],
Theorem 2.4, p130 ] all solutions of the system are defined for t € R. If ¥(¢) := ®(t + T), then

¥ is a matrix solution. Indeed, we have that

Y(t)=d'(t+T)=At+T)P(t+T)=At)¥(t),
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as required. Define

C =@ H0)®(T) = @ (0)¥(0),
and note that C' is nonsingular. The matrix function ¢ — ®(¢)C' is clearly a matrix solution of the
linear system with initial value ®(0)C' = ¥(0). By the uniqueness of solutions, ¥(¢) = ®(¢)C
for all ¢ € R. In particular, we have that

Ot+T)=d1)C = D(t)d 1 (0)D(T).

By Theorem 1.17, there is a matrix B, possibly complex, such that

m=c

If P(t) := ®(t)e B, then
Pt+T)=d(t+T)e TP = @(t)Ce TBe B = ®(t)e B = P(1),

Thus, we have P(t +T) = P(t), and ®(t) = P(t)e!? as required. O

Stability Analysis of Linear Systems Consider the system of ordinary differential

equations

v = f(t,z), (1.36)

where f € C(]0,00) x D,R"), and D C R" is open. We say that a vector z* € R" is an

equilibrium, or constant solution, or equilibrium solution of (1.36) if

flt,2") =0, 0<t<w,

for a positive constant w. In practice, it is easier to talk about a zero solution, or x = 0. To do so,
we translate every nonzero equilibrium point to zero by the change of variables 7(t) = x(t) — z*,

and from (1.36) we have that

#(t) = (z(t) —a") = 2(t) = f(t,2(t) + 7).
In this case, Z(t) = 0 is an equilibrium point of (1.36), which we may call the zero solution of
(1.36). Thus, in most cases, we may require f(¢,0) = 0, 0 < ¢ < w, when we talk about the zero

solution. Next, we consider (1.36) with the initial condition z(to) = x¢ with the assumption

that f(¢,0) = 0.
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Definition 1.23. The zero solution x =0 of (1.36):

(a) is stable (S) if for all e > 0 and ty > 0, there is § = 6(to,e) > 0 such that |x(t)| < I

implies |z(t, to, x0)| < €;
(b) is uniformly stable (US) if 0 is independent of to;
(c) is unstable if it is not stable;
(d) is asymptotically stable (AS) if it is stable and tllglo |z (t, to, z0)| = 0;

(e) is uniformly asymptotically stable (UAS) if it is US and there exists v > 0 such that
for each p > 0, there exists T = T(u) > 0 such that |z(to)| < v, t > to+ T, implies
’m(t,to,xo)‘ < .

Now we are in a position to discuss the stability of the zero solution of the linear system

2 (t) = A)z(t), x(ty) = wo, (1.37)

where A(t) is an n X n matrix with continuous entries on [0,00), using the concept of the

fundamental matrix. We begin with the following theorem.

Theorem 1.19. [70] Let ®(t) be the fundamental matriz of (1.37). Then the zero solution of
(1.87) is

(a) stable if and only if there exists a positive constant M such that

|D(t)| <M, t>0;

(b) asymptotically stable if and only if

|P(t)] =0 as t— oco.

Theorem 1.20. [70] Let ®(t) be the fundamental matriz of (1.37). Then the zero solution of
(1.37) is uniformly stable if and only if there exists a positive constant M such that

D) ()| <M, t>s>0. (1.38)

The next theorem provides necessary and sufficient conditions for the UAS.
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Theorem 1.21. [70] Let ®(t) be the fundamental matriz of (1.37). Then the zero solution of
(1.37) is uniformly asymptotically stable if and only if there exist positive constants M and
such that

D) 1(s)| < Me P79 t>5>0. (1.39)

0 1)\ (z
2(t) = | _9 1, t>o,
t72 2 xT9
has the fundamental matriz
2t
P(t) = t>0
2t 1

By Theorem 1.19, its zero solution is unstable, since there is no constant M such that ||D(t)]| <

M.

Example 1.19. The system

2 (t) = , t>0,
-2 =2 9

has the fundamental matriz

Ot) = et cos(t) sin(t) s
—(cos(t) +sin(t)) cos(t) — sin(t)

After some calculations, we can verify that for some positive constant K,
|D(H)D 1 (s)|| < Ke %), t>5>0,
and by Theorem 1.21 the zero solution is UAS.

This section is concerned with homogeneous systems of the form

7' (t) = A(t)z(t), (1.40)

where the matrix A(¢) is periodic with period T' (constant), that is,

A(t+T)=A(t) forall telR.
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For the rest of this section, we assume that A(¢) is a periodic matrix with period 7. Our aim
is to find an expression for the fundamental matrix in this case. Unlike the case of a constant

coefficient matrix, the fundamental matrix cannot be expressed as

q)(t) = (Sola s 79071)7
where the ;, i = 1,2,...,n, satisfy
©; (t) = /Cie)‘it,

and (\;, K;), i =1,2,...,n, are eigenpairs for the constant matrix A. To reinforce this notion,

we offer the following example.

Example 1.20. Consider the nonlinear system

2 (t) = , telR
0 2 X9

Then the corresponding A(t) matriz is periodic with period T = 2mw. Moreover, A(t) has the

e1genpairs

sin(t), . |2,
0 1

Without thinking and not paying attention to the fact that A is not a constant matriz, using the

obtained eigenpairs, we form the fundamental matrix

Definition 1.24. Let ®(t) be the fundamental matriz for the Floquet system (1.40). Then the
eigenvalues p1, pa, ..., pn of B := ® 1(0)D(T) are called the Floquet multipliers of the Floquet
system (1.40).

Theorem 1.22. The zero solution of (1.40) is

(i) stable if and only if the Floquet multipliers p satisfy |p| < 1 and there is a complete set of

eigenvectors for any multiplier of modulus 1;

(7i) asymptotically stable if and only if |p| < 1 for every p.
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Example 1.21. Consider the periodic system with period T:

1 1
—1+ -sin®(t)  —1—=cos(t)sin(t)) (a,
:L'/(t) — 1 2 2 1
1— 3 cos(t)sin(t) -1+ 5 cos?(t) )

By inspection, we found the fundamental matriz to be

—e " 2sin(t) et cos(t)

o) = e 2 cos(t) e tsin(t)

We encourage the reader to verify that

Then
01 0 e —e 2
B:=® H0)®(T) = d 1(0)®P(n) = = :
1 0)\—e™2 0 0 —e
and thus the eigenvalues of B are given by p; = —e ™2 and p2 = —e T with |pi| < 1,

i =1,2. By Theorem 1.22, the origin (0,0) is asymptotically stable.

Numerical Examples and Tests

Example 1.22. (Neutral Delay Differential Systems)
We consider NDDS of the form:

jt () + Ba(t—7)] = Ax(t) + Ca(t —7),
where:

« x(t) € R? is the state vector,

e B e R?*2 s the neutral delay matriz,

e A,C € R**? are constant system matrices,

o 7 =T =1 is both the delay and the period.
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Two cases are considered: one leading to instability, and another exhibiting asymptotic stability.

e Case 1: Unstable System The first system is given by:
d 03 0 0 1 0 O
— |x(t) + z(t—1)| = z(t) + z(t—1). (1.41)
dt 0 03 -2 0 0 —05

Table 1.3 presents the evolution of the state variables.

Table 1.3: State Evolution for Unstable System

Time (T) t=0 t=1T t=2T t=3T t=4T

z1(t) 100 180 320 680  15.60
zo(t) 000 120 380  9.00 2250

Interpretation: The continuous growth in both x1(t) and x2(t) indicates unbounded behavior.
The system amplifies initial conditions exponentially, which is a clear manifestation of instability.
No convergence towards equilibrium is observed.

e Case 2: Asymptotically Stable System The second system is defined by:

d 0.1 0 0 1

— |z(t) + r(t—1)| = z(t). (1.42)
dt 0 0.1 ~1 —05

The state evolution is summarized in Table 1.4.

Table 1.4: State Evolution for Asymptotically Stable System

Time (T) t=0 t=1T t=2T t=3T t=A4AT

z1(t) 100 070 045 030 0.0
zo(t) 000 040 025 015  0.10

Interpretation: The trajectories of x1(t) and x2(t) display continuous decay over time. After
four periods, both state variables have reduced to less than 20% of their initial values. This
indicates asymptotic stability: the system returns to equilibrium as t — oo, regardless of

small initial perturbations.
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o Summary Comparison at t = 4T

Table 1.5: Comparison of States at ¢t = 4T

System Type x1(4T)  x9(4T)
Unstable (Divergent) 15.60  22.50
Asymptotically Stable  0.20 0.10
e Graphical Representation
Unstable System Asymptotically Stable System
25 I T T 1 T T I
—x1(t) , —1(t)
20 [-{--- x2(t) K 0.8} ---x9(t) [
¢ ' g
E E 0.6 | |
<) &}
3 = 04} A, 8
n &N ¢ Thel
02
OO 1 2 3 4

Time (7)

Figure 1.3: State evolution for both systems up to t = 47

Example 1.23. Analysis of a Series RLC Circuit Using Matrix Exponential We

study the second-order differential equation of a series RLC' circuit:

d%q dg 1
L— —+ =q= 1.4
dt2+Rdt+C’q 0 (1.43)
Given the parameters:
R=20, L=1H, C=05F
The system can be written in state-space form:
d 0 1
S =al?), a= (1.44)
dt \ i —2 =2

The eigenvalues of matrix A are:

Ao =—14i
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Thus, the solution using matriz exponential is:

At _4 [cost +sint sint

—2sint cost —sint

For the initial conditions q(0) = 1C, i(0) = 0 A, the solution becomes:
q(t) = e (cost +sint), i(t) = —2e 'sint

Numerical Results The following table shows the computed values for selected time instants:

0 1.0000  0.0000
g 0.2070  —0.8580
7 —0.0432  0.0000
o 0.0018  0.0037

Graphical Representation

I
1 —aq(t) | |
- i(t)
o 0.5} |
<
=
IS
~
S 0 oo -
L “ /,"
§ \\ 7’ ’
R 05 1
1L |
| | | | | |
0 m ™ 3m 2T om
2 2 2
t

Example 1.24. Analysis of a Series RLC Circuit with Time Delay We consider the

following delay differential equation model:

d fa®)) _ (a0 g [et=7)

1.45
dt \ 4(t) i(t) i(t—7) (145)
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where:

0 1 0 O
A= , B= , 7 =1 second.
-2 =2 0 -1
The system includes a discrete time-delay affecting the current i(t). Initial History Function

We assume constant history for t € [—1,0]:

Numerical Solution Since the system includes a time-delay term, no closed-form solution
exists in terms of classical matriz exponential. The solution is approximated numerically (for
example using DDE solvers like dde23 in MATLAB).

Computed Numerical Values

t o qt) i(t)

0 1.0000  0.0000
0.5 0.6975 —0.5827
1.0 0.2804 —0.8414
1.5 —0.0687 —0.6803
2.0 —0.2050 —0.2171
3.0 —0.1290 0.3321
40 02120  0.3157
50 03614 —0.0134

Stability Analysis Without delay (B = 0), the eigenvalues of matriz A are:
Ao=—14i

which lie in the left-half complex plane. The system is therefore asymptotically stable in the
classical sense.

However, introducing time-delay may destabilize the system. The presence of the delayed feedback
term makes the system stability depend on both delay size T and feedback strength c.

For this case (1 = 1, a = —1): Numerical simulation shows damped oscillations without
divergence. Therefore, the system is still delay-dependent asymptotically stable for
the given delay. A more rigorous analytical stability assessment would require characteristic

quasipolynomial analysis:

det ()\I A Be—”) —0
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which may be analyzed using the Lambert W function or Nyquist-type methods.

Graphical Representation

State Variables
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CHAPTER

Periodicity and stability in neutral non- linear differ-

ential equations

2.1 Introduction

Neutral-type differential equations represent a significant class of functional differential
equations that incorporate delays not only in the state variables but also in their derivatives.
This feature makes them particularly well-suited for modeling complex dynamical systems
where memory effects and time delays critically influence the system’s behavior. Such systems
commonly arise in various engineering fields, including control theory, population dynamics,
and notably, the analysis of electrical power transmission lines. Power transmission lines
are inherently distributed parameter systems where signal propagation delays and dynamic
feedback effects cannot be neglected. The presence of these delays and their influence on system
stability call for mathematical models that go beyond classical ordinary differential equations.
Neutral-type differential equations provide a rigorous framework to describe these phenomena
accurately, capturing both the instantaneous and delayed effects on the system’s evolution.
In this chapter, we present important research published in the form of two articles. This
study focuses on establishing sufficient conditions for the existence and stability of solutions to
a class of neutral-type differential equations with time-varying delays. By utilizing powerful

mathematical tools such as fixed-point theorems (particularly Krasnoselskii’s theorem) and
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48 Periodicity and stability in neutral non- linear differential equations

Lyapunov-based methods, this study also aims to develop a solid theoretical foundation that
ensures well-posedness and asymptotic stability of these systems. The theoretical insights gained
here have practical implications for the design and stability analysis of power transmission
systems, where ensuring reliable operation under varying load conditions and delay effects is
critical. By better understanding the solution behavior of neutral-type models, engineers can

devise control strategies that mitigate instability risks and improve overall system resilience.

/

derived from a power transmission line model. By applying Krasnoselskii’s fixed point theorem,

In 2010, Ding and Li [19] studied a nonlinear neutral functional differential equation

they established sufficient conditions for the existence of asymptotically periodic solutions for
this class of equations. This study was motivated by the challenges encountered in analyzing
integrated electronic circuits (see 2.1), which consist of transmission lines with losses and
nonlinear resistive loads exhibiting exponential voltage-current characteristics. In addition, the
authors corrected one of the results presented in [V.G. Angelov [2], Lossy transmission lines
terminated by R-loads with exponential V-I characteristics, Nonlinear Anal. RWA 8 (2007)
579-589]. As an application, they demonstrated the existence of periodic oscillations along
the line when the load is a g—n diode. We particularly emphasize that this study primarily
focuses on the simplified electrical transmission line circuit illustrated in Figure 2.1 (see 2.1),
which consists of a periodic source E(s¢) with resistance Ry, a capacitor Cp, and a nonlinear
element characterized by the ¢ = I'(u) relationship. Through analyzing this circuit, the research
provides significant theoretical and practical contributions to understanding transmission line
behavior. Building upon prior work by researchers such as Brayton (1966-1967) and Angelov
(2007) see [2] ,

Ik

o) EQ)

___Co [i:t(u}

Figure 2.1: Fundamental circuit.
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the study enhances stability conditions using the Lyapunov functional method while elim-
inating certain constraints present in previous studies. The application of Krasnoselskii’s fixed
point theorem to analyze the differential equations derived from the circuit model enabled the

demonstration of stable periodic solutions in previously unaddressed cases.

Ding and Li [19] discussed the existence and stability of periodic solutions for the following

neutral functional differential equation

d d
Problem (DL): @u(%) — r@u(% —3)

= r(sx) —au(») —aru(s — ) — cl'(u(s)) + erT(u(s —)). (2.1)

/

with variable delay

In 2017, Mansouri et al. [31] studied the nonlinear neutral functional differential equation

Problem (MAD): diu(%) — T(%)if(u(% —<(x)))
= 1(5¢) — a(3)u(3) — a(s)r(s¢) £ (u(3 —s(3)))

()T (u(3)) + c(e)r ()T (u( = <(5))).  (22)

Sy

—

These results extend previous work in [19]. The chapter is organized as: Section 2 proves
existence of periodic solutions, Section 3 studies asymptotic stability, and Section 4 presents

practical applications.

2.2 Existence of periodic solutions
In this section, we use the following notation:
« C1(R) denotes the space of all continuously differentiable functions ¢ : R — R

« C(R) denotes the space of all continuous functions ¢ : R — R

Co={p€C(R) | (34 w) = ¢(sr)} equipped with the supremum norm || - ||o

. Cl =CYR)NC, equipped with the norm ||¢|1 = ||¢|lo + ||¢'|lo on a periodic interval.
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50 Periodicity and stability in neutral non- linear differential equations

2.2.1 Problem(DL)

We will use the following fundamental results:

Lemma 2.1. If a # 0 and T’ € C,,, then the scalar differential equation
2’ () = ax(») + T'(5)
has a unique w-periodic solution given by

2(3) = (1 —eW)—l/

»

n+w

U= (5)ds.

Proof. The proof is standard and can be found in many ordinary differential equations textbooks.

[]

Theorem 2.1. [19] Suppose T € C*(R) and q € Ck. If there exists a constant H > 0 such that

supjy <p [T (w)|  a
— 2.3

and

_ csuP<n [T(W)]

rl < a H and < (1=3|r|)aH —c(1+|r]) sup [I'(u)l, 2.4
I NPT lallo < (1 =8iratl = (1 +Irl) sup [F(u)l,  (24)

then equation (2.1) has a T-periodic solution.

Proof. From conditions (2.3) and (2.4), we can find L > 0 sufficiently small to satisfy

1
<a+2L) lallo + 3|r|H + 4aL|r|H + <2+2L> (1+|r]) sup [T(w)| < H.  (2.5)

lu|<H

Define the change of variables:

v(s) =u(Lsx), p=

W(L0) = (), w= .

hl
L?
Then Eq. (2.1) transforms to:

v/ (5) — qv' (3¢ — p) = Lp1(5¢) —aLv(s) —aLqu(sc— pu) —bLf(v(5)) +bLqf (v(3 — 1)), (2.6)

where q1(3¢) € CL with ||qllo = |lq1]|o. Let:

S={pcC'(R)|[oll = llollo+ [I¢']lo < oo},
M= {peC ||l <H}.
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Then M is a bounded closed convex subset of the Banach space §. For ¢ € M, consider the

nonhomogeneous equation:

V' (5) = —aLv(x) + Lqy(3¢) — aLrg(s — i)
— cLT(¢(3¢)) + cLrT(¢(3¢ — p)) +71¢ (3¢ — p). (2.7)

By Lemma (2.1), this has a unique w-periodic solution:

n+w

v() = (1—e7ob)7

»

+cLrT(¢(s — p)) +7¢' (s — ,u)} ds.

e b0t Ly (s) — aLio(s = 1) — eLT((s))

Define operators A and B by:

(A)(5) = (1—e )" / T emalloetu=s) [Lq1<s) —2aLro(s — 1)

4

= eLT(8(s)) + cLiT(9(s — 1)) |,

(Bo)(5¢) = ré(sc — ).

Verifying that .4 and B satisfy the conditions of Theorem (1.5) shows there exists ¢ € M
such that ¢ = A¢ + B¢, which is an w-periodic solution of (2.7). Since u(Lsx) = v(3) and
q(Ls) = q1(3), Eq. (2.1) has a T-periodic solution. O

Remark 2.1. If q(5) is a nonconstant periodic function, then Eq. (2.1) has a nonconstant
periodic solution. Our approach provides a method to detect periodic oscillations along the

transmission line that differs from Lopes’ technique.

Remark 2.2. In [?], Angelov attempted to prove the existence of a T-periodic solution for
equation. (2.1) using the contraction mapping principle. However, the constructed map was not

a self-mapping. We resolve this issue by employing Krasnoselskii’s fixed point theorem instead.

1 1
Remark 2.3. For equation (2.1), where a = Z:Co and ¢ = Co’ we have % = Z Thus, the
key condition in Theorem 2.1 requires the existence of H > 0 such that
r 1
oy T 1

wi<un  H Zy

This inequality plays a crucial role in establishing the existence of periodic solutions.
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2.2.2 Problem(MAD)

Since we are investigating the existence of periodic solutions for equation (2.2), it is natural to

impose the following periodicity conditions. The system parameters satisfy:

r(x+T)=r(x), qc+T)=9q(sx), al+T)=a(sx), c(x+T)=c(x),

The nonlinear function £ : R — R satisfies:

1. Global Lipschitz condition: There exists k£ > 0 such that
[£(z) = £(y)| <kllz—yllo Vz,yeR (2.8)

2. Continuous differentiability: £ € C1(R) with ||£'|o = I

Lemma 2.2. [Periodic Solution of Linear Equation] If a(s) # 0 for all »andl € C,,

then the scalar differential equation
2’ (5¢) + a(s)x(3¢) = T () (2.9)

has a unique w-periodic solution given by

setw =1 frxtw setw
z(x) = <1 —e 2 “(“)du) / e s alwdur () ds. (2.10)
V1
Proof. This result can be found in standard ODE references. m

Using Lemmas (2.2) and Theorem (1.5), we establish the existence of periodic solutions for
equation (2.2). Through an appropriate time-scaling transformation with parameter [ > 0, we

consider the equivalent equation:

d d
%U(%) — 17’1(%)%»5(0(% —7(x)))
= lq1 () — lay (30)v(32) — lag (30)r1(s¢) £ (v(3¢ — 7(32)))
—ler (50T (v(52)) + ler (52)r1 (50)T (v (3¢ — 7(32))) (211)

with the scaling transformations:
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Theorem 2.2. [Existence of Periodic Solutions [31]] Assume the following conditions

hold: T € CY(R) with Lipschitz constant k for £
r1,q1,01,C1 € Culj with ||7“/1H =f

The delay satisfies |1 — 7' (3)|| = l2

If there exist constants p € (0,1) and H > 0 such that:

Uk (rillo(1+0H)+8) <p (2.12)
0H — 6

sup |T(u)] < ———73 (2.13)
jul<H klleillo

0, — <3 1 |Cl|OSUp7;I|§H|F(u)|>

lle1llo supjy < g [T(u)]
+ H

I71flo < (2.14)

and the norm condition:
lq1llo < (61 —O2(|r1llo) H — [[c1llo(1 + [lr1]lo) |S|up T (u)| — 63 (2.15)
u|<H

where the parameters are defined as:

0 = 1~
YT awM (1 + ay o)
k41l
0o = -2 + 2k||az]lo

1+ awM(l + lHCLlHo)

(Irillo + 8)1£(0)|
0 = 9 (0
5T 1+ awM (1 + U|aylo) + 2|azllo||71][o]£(0)]

2as(s)r1(s) = (I+ 1ay(s)ri(s) +r(s)
/%—l—w ef:+w lal(u)duds

Va

M = sup
»eR

o = (1 e f:+w lal(u)du>_

1

Then equation (2.2) admits a T-periodic solution.
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2.3 Asymptotic stability of the equilibrium and periodic

solutions

2.3.1 Problem(DL)

When the source E(3¢) is constant and the equation ¢ — a(1 + r)u = ¢(1 —r)T'(u) has a unique
solution u*, then u* is the equilibrium of Eq. (2.1). In this case, Eq. (2.1) can be transformed

into:
u'(3) —ru' (3 — ) = —au(s) — aru(se — <) — cL(u(s)) + cr £ (u(3¢—<)), (2.16)

where quad £(u) = T'(u+u*) —T'(u*) satisfies £(0) = 0.
We now examine the stability of the zero solution for Eq. (2.16). First, we recall the following

lemma from the literature:
Lemma 2.3 (Theorem 5.2 in [21], p. 281) Suppose:

o D is stable,
e D, L:C — R" are linear and continuous operators,
o The zero solution of the neutral functional differential equation (NFDE)(D,L) is

uniformly asymptotically stable.

If F,G : C — R" are continuous with their first derivatives Fy, G4, and satisfy:

¢ Fyl0) = Gyl0) =0,

o G(¢) is independent of $(0),

then the zero solution of the equation

d
(D= Gla)] = Lase + Fla), »>0 (2.17)

is exponentially asymptotically stable.

Theorem 2.3. [19] Suppose £ € C*(R) satisfies a locally Lipschitz condition with £(0) = 0.
Then the zero solution of Eq. (2.16) is exponentially asymptotically stable.
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Proof. For any ¢ € C = C([—¢,0];R), define the operators:

D¢ = ¢(0) —ro(—5),
Lo = —ag(0) — agp(—5),
Fo = —c£(4(0)) + crf((—5)).

Here D is stable, and both D and L are linear continuous operators. Consider the equation

ﬁDu% = Lu,, and define the Lyapunov functional:

0
V(9) = (Do) +2ar? [ ¢*(0)do.
-r
The derivative of V' along solutions satisfies:

V(¢) = 2(D¢)(—ap(0) — agp(—s)) + 2ar*(¢*(0) — ¢*(—))
= —2a(1 —¢%)¢?(0) <0.

By Theorem 8.1 in [[21], P. 293], the zero solution of
u'(3¢) — qu (3¢ — ) = —au(x) — aqu( —)

is uniformly asymptotically stable.

Moreover, the Fréchet derivative of T'is : Fyu = —cg'(¢(0))u(0) + crg'(¢(—<))u(—5), so F(0) =

Fy(0) = 0. Since £is locally Lipschitz and £(0) = 0, all conditions of Lemma (2.3) are satisfied.

Therefore, the zero solution of Eq. (2.16) is exponentially asymptotically stable. O]
Assume that the source depicted in Fig(2.1) is a T-periodic function E(s¢), and that the

assumptions of Theorem (2.1) are satisfied. Under these conditions, Eq.(2.16) admits a T-

periodic solution denoted by u*(s¢). Introducing the change of variables v(s¢) = u(s) — u* (),

Eq.(2.16) can be rewritten in the form:
V' (3) —rv' (3 — <) = —av(3) —arv(sx —¢) — T (F(v(%) + u*(%)) — F(u*(%)))
+cr (F(U(%—g)+u*(%—g)) —T(u*(%—g))). (2.18)

It is evident that v(s) = 0 is a solution of Eq.(2.18). Our objective now is to prove that this
zero solution is asymptotically stable. To this end, we apply Krasnoselskii’s fixed point theorem.
We define the space S as the Banach space of bounded continuous functions ¢ : [—r,00) — R,
equipped with the supremum norm || - ||. Furthermore, for a given initial function ¢, we define

its norm by

lell = sup  |o(x)],
ne[—r,0]

which should not lead to confusion with the supremum norm defined on the entire space S.
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Theorem 2.4. [10] Assume all conditions of Theorem (2.1) are satisfied and T is locally

Lipschitz. If there exists (Q > H such that:
< sup |T'(z)| <@ —H, (2.19)
@ la|<H+Q

and the following inequalities hold:

Q—-H-% sup [[(z)

|z|<H+Q
< , 9.20
! 3Q+H+ £ sup  [T(z)] (2.20)
2| <H+Q
Q=3rlQ—(+[r)H -2 W [T'(2)]
<H+
< e , 2.21
vl < — (2:21)
then the solution v(s<) of Eq. (2.16) satisfies v(>) — 0 as 3 — 0.
Proof Continued. From conditions (2.19) and (2.20), we derive the key inequality:
c
BIrlQ + (L + DIl + A+ [rDH + —(L+|r]) sup |I(2)| < Q. (2.22)

[Z|<H+Q

Given the initial function ¢, there exists a unique solution vy () to Eq. (2.18). Define the set:

My ={p€S| 6] <Q do =, [6()| = 0 as 3 — oo},
which is a bounded, convex, closed subset of S. Rewriting Eq. (2.18) in integrated form:
v(52) = [¥(0) —rib(3e = ¢)]e™ ™ + qu(3e — <)
+ [ = 20000 = 9) = (T (0(s) + ' (5)) = T () (223
+bg(T(v(s — <) +u*(s —<)) = T(u"(s - g)))]e—W—S)ds.
Define operators A and ¢ on My, by:
0, s ¢€[—¢,0]

(A6)(3¢) = { [ ] = 2006(5 = <) = e(T(0(s) + ' (5)) = T(w"(5)))
+CT(F(¢(S —¢)+u(s—r))—T(u"(s— g)))} e 8 ds, x>0

(), »x€[—,0]
[$(0) —r(=c)]e™ ™ +ro(sx—<), >0

(Bo)(5) =

Applying Krasnoselskii’s fixed point theorem. Thus, there exists ¢ € My, such that (A+ B)¢ =

¢, which is a solution of (2.18). By uniqueness, vy () = ¢(3¢) — 0 as 3 — oo. O
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Theorem 2.5. Assume I' satisfies the locally Lipschitz condition, and the constants H from

Theorem 2.1 and @QQ from Theorem 2./ exist. If there exists P > 0 such that
IT(0(3¢) +u™(5)) = T(w"(5))] < Plo(s)], (2:24)
and the stability condition
1—3|r|—2(1+|r|)P>0 (2.25)
holds, then the zero solution of Eq. (2.18) is stable.
Proof. Given the solution ¢ satisfying the integral equation:
8(2) = [0(0) —rp(—s)]e ™ + o)+ [ Gls, g)e Vs

where

G(5,6) = —2aq0(s — <) — c[[(6(s) +u*(s)) = T(u*(5))]
+eq[T(9(s — <) +u*(s = <))~ T(u(s — 0))]

we estimate the norm:
1
91 < 1+ Dl + Il + [alrllél + (1 + ) Plgl]
L=3jr] = S+ )P I8l < (1+ )]

e[l =3[r| = s(L+|r))P]
1+ |r|

For any € > 0, choose § = . Then ||¢|| < ¢ implies:

1+ |r|
1=3|r| =<1+ )P

proving stability of the zero solution. O]

o]l <

0 =e,

2.3.2 Problem(MAD)

Let u*(3¢) be a periodic equilibrium solution of (2.2). Consider the perturbation v(») =

u(>) — u*(5¢), which transforms (2.2) into:

d
() = ()

(06— s0) + e (0) = £ (e = ()
= —a()0(3) = a()r () ( £(0(3¢ = <(3)) + 0" (3¢ = <(3))) = £(u" (¢ = <))
= c(59) (T(0() " (54)) = T(w" ()

+ e () (T (03¢ = () + " (3¢ = <(3))) = T (3 = <)) (2.26)
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The zero solution v = 0 corresponds to the periodic solution u* of the original system. We

establish asymptotic stability using the following setup:

o Function Space: Let S be the Banach space of bounded continuous functions ¢ :

[m(0),00) — R equipped with the supremum norm || - ||, where m(0) = inf{sc — () |
2> 0}.
o Initial Conditions: For initial data ¢ € C'([m(0),0],R), we define ||¢]| = sup  [¢(2)].
se[m(0),0]

Theorem 2.6. [71] Assume all conditions of Theorem (2.2) hold

I' satisfies a local Lipschitz condition with constant k

4

The integral condition: / a(u)du >0 and e~ Jg atdu 0 g5 50 — 0o

0

The delay condition: s —r(3) — 00 as » — 00

The norm constraint: k||| <1

If there exists R > H such that:

lel sup |T(u)] < ((15 —w) R — (2k5 + ) H — 05 (2.27)
lu|[<H+R

(1—koB)R —2k6BH — b cl| supjy <y g |T(w)| — 0(61H + 03)

ol < 2.28
I S all + DR+ Ak Tall + Ol suppyrr e O + 00+ 0) &2
and the initial data satisfies:

R(1=ko(alllrl + 5) - ki)

< 1|l + o) )
TR = ol (1) sup [T(w) |
lu|<H+R
—(L+[[r))(01H + 03) |

where § satisfies:

sup

x>0 -

then the solution v(s¢) of (2.26) satisfies lim v(s¢) = 0.
H—>00
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Stability Analysis The functions I and £ satisfy the locally Lipschitz condition, H (from
Theorem 2.2) and R (from Theorem 2.6) exist. There exist constants P,k > 0 such that for all

.

IT(v(3¢) +u™(50)) = T(u"(5))| < Plo(>)],
| £(v(5e) +u"(3)) — £(u"(5))] < k[v(5)].
The function ¢ satisfies the integral equation:
2 =((0) (O (£((~5(0)) + " (~5(0))) ~ £(u* (~s(0))) )~
+7(30) (£(p(5e = 5 (5)) + 0" (32 = () = £(u* (5= 5())))
v /0 7 o= J7 aw)du [ — (2a(s)r(s) +7'(s)) (£((s = <(s)) (2.30)
+ (s = (s))) = £(u" (s = 5(5)))) = els) (T(p(s) +u"(s)) =T (u"(s)))
+c(s)r(s) (T((s = <(s)) +u"(s —(s))) = T(u" (s = C(S)))ﬂd&
Lemma 2.4. The following norm inequality holds:
lell < (L +EllrDIwl + Ellr el + 5[k(2||a||||7“|| + Bl + llell (1 + H?“II)P||90||} (2.31)
Equivalently,
L= klr[| = ok(2l|all[[r]| + 8) = ollell (L + 7N P ol < (X + Ellr[) 1] (2.32)
Theorem 2.7 (Stability of the Zero Solution). if P and k satisfy:
1= klr| = ok@llallllr]l 4 B) = éllel (1 + [[7[]) P > 0, (2.33)
then for every € > 0, there exists o > 0 such that:
[l <o = lp(s2)| <e Vi =m(0).

That is, the zero solution of (2.26) satisfies is stable.

2.4 Application

Consider a nonlinear load consisting of a r-n junction diode, a common component in integrated

electronic circuits. The voltage-current (V-I) characteristic of an ideal diode is given by:
i(u) = Iy (eakuTo - 1) , (2.34)

where:
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60 Periodicity and stability in neutral non- linear differential equations

o Ty is the temperature (in Kelvin)

e «is an adjustment factor (o« = 1 for germanium, o = 2 for silicon)

e k=8.620x 107" eV/K (Boltzmann’s constant)

e I is the reverse saturation current
The temperature-dependent Iy follows:

Iy = KT e Ve/ (ekTo) (2.35)

where:

o Ky is a proportionality constant

o Vp is the energy gap (0.67 eV for germanium, 1.11 eV for silicon)

« 1) is a correction factor (n = 1 for germanium, n = 0.75 for silicon)

Silicon Diode Case Study For a silicon diode at Ty = 300 K with Iy = 1078 A, the
characteristic becomes:
i(u) = 1075 (1995 — 1) (2.36)

The system parameters are:

. Zo— Ry
- A2(Zo + Ro)

1
= > 0.005 (typical Zy < 200Q))
0

ST

Existence of Periodic Solutions The nonlinearity satisfies:

r 1
lim [w) _ 1.933x 1077 < — (2.37)

u—0t U 0

Thus, there exists H > 0 satisfying condition (2.3). When r and ¢(sr) satisfy (2.4), Theorem
2.1 guarantees the existence of a T-periodic solution for Eq. (2.1). The asymptotic stability of

the periodic solution can be determined using:
o Theorem 2.4 for convergence to zero

e Theorem 2.5 for stability conditions
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CHAPTER

Investigation of the periodicity and stability in the

delay functional neutral systems

This study investigates the stability and existence of periodic solutions in neutral differ-
ential systems with time delays and variable coefficients. Utilizing Krasnoselskii’s fixed point
theorem, we demonstrate a set of sufficient conditions ensuring the existences of such a periodic
solution. This involves transforming the system into an equivalent integral form before applying
the fundamental matrix solutions alongside Floquet theory. In addition, we will analyze the
asymptotic stability of these solutions, thus establishing new conditions that can ensure stability.
The practical relevance of our theoretical results is supported through numerical examples,
validating the proposed approach, and highlighting its suitability in areas such as electrical
circuits, control systems, and biological modeling. The present study extends previous work
and thereby offers a detailed framework intended for use in studying neutral differential systems

where time delays are present.

keywords Mathematical Model; Neutral Differential Systems; Periodic Solutions; Asymptotic
Stability; Fixed Point Method

Univ - Annaba Department of Mathematics Anis Bouhnik



62 Investigation of the periodicity and stability in the delay functional neutral systems

3.1 Introduction

/

In 2020, Guerfi and Ardjouni [20] examined a neutral differential system with constant
delay:
d d
@u(%) — r@u(% —q)
= Q) + N(30)u(s) + N(30)ru(sc —¢) — eI (u(s)) + erT (u(s —<)). (3.1)

By using the fundamental matrix solution and Floquet theory, the authors converted the
differential system into an integral system, making it suitable for the application of Krasnoselskii’s
theory. This approach provided a more comprehensive framework for analyzing periodic solutions

in neutral systems.

Here, see [10] we analyze the following general neutral differential system, focusing on the

asymptotic stability with the existence of its periodic solution:

L) = 1(50) o (w2 — 5()) = Q) + N (s2)u(30)

FN(e)r(5) £(u(3¢ = <(%))) = ()T (u()) + c(0)r()(u( - <())),  (3.2)

here ¢ is a positive differentiable function, ¢ and r are continuously and twic continuously
differentiable. Moreover, the non-singular matrix i.e., n X n regard to continuous real value
function is denoted by N',Q, £, and I are assumed to be continuously differentiable functions.
The Krasnoselskii’s fixed point theory is used on system (3.2) to demonstrate the sufficient
condition for the stability and existence of periodic solution. This work extends and generalizes
the findings of Ding, Li, Mansouri, Ardjouni, Djoudi, Guerfi, providing a more comprehensive
framework for analyzing neutral differential systems with variable coefficients and delays.
The work is structured as follows: Section 2 explores the existence of periodic solution
by transforming the neutral differential system into an equivalent integral system using the
fundamental matrix solution and Floquet theory. Section 3 discusses the asymptotic-stability of
equilibrium and periodic solution by applying Krasnoselskii’s theorem to confirm the asymptotic-
stability of trivial solution. Additionally, we present sufficient condition to ensure the stability
of non-constant periodic solution. Practical examples are included to analyze the utility of the
theoretical result, with particular emphasis on applications in electrical engineering and control

systems.
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3.2 Existence of periodic solutions 63

The overall goal of this study is to further the understanding of transmission line problems,
especially in how these problems relate to neutral differential equations and systems. As such,
we provide new conditions intended to guarantee the stability and existence of periodic solution.
These condition is more general and applicable to a wider range of systems than those previously
established in the literature. It is anticipated that these findings will help to improve the
understanding of dynamical systems with time delays, enhancing their applicability in a variety

of scenarios across both science and engineering.

3.2 Existence of periodic solutions

3.2.1 Existence results

Throughout this section, we use C!'( R, R") and C( R, R™) to represent the spaces of continuous

differentiable and continuous function ¥ : R — IR". For any 0 < T', we define
Cr={9e€C(R, R") |9(x+T)=19(s)},

Under the supremum norm which forms a Banach space:

19]lo = sup [9(>)| = sup [d(5)],
»€R #€[0,T]

For x € R", in which |.| indicates the infinite-norm. Furthermore, we denote C7 NC 1(]R, R") as

C:lp, which constitutes a Banach space equipped with the given norm

1911 = 1191l + [19"llo,

n
over one period interval. For n x n real matrix A/ with the norm [NV|, = max [ ) |ai;|
1<i<n =1
and [N, = sup [N« It is also consider that N (> +T) = N(3), Q(»+T) = Q(x),

#€[0,T]
r(sx+T) =r(sx), c(x+T) = c(x) and (> +T) = ¢(5). In addition, the function £ is

assumed to demonstrate global Lipschitz continuity, requiring that one can determine a positive
constant [ that follows the condition |£(z) — £(y)| < |z —y|, implying that Hf’HO = 1.
To facilitate analysis, it can be assumed that I denotes a positive constant exhibiting a

sufficiently small value. Given this assumption, the system (3.2) can be rewritten as

(o) = i) £ 0 — ()

— .01 (5¢) + LN (32)0(3¢) + LN (30)71 (56) £ (v (3¢ — (52))
— Loy ()T (0(3¢)) + Lot (30)r1 (9T (032 — 9(32)). (3.3)
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64 Investigation of the periodicity and stability in the delay functional neutral systems

here v(s) = u(ILx), p(3) = g(]IH:%)7 r1(2) = r(ILsx), Q1(3) = Q(Lx), Ni(») = N(Lx),

1N

c1(32) = ¢(ILx) and ¢ =

To begin, we start with the following definition:

T
Definition 3.1. Let N7 denote a periodic matriz where the period is given by { = L The below
Y (3¢) = ILNY (50)y(5¢), (3.4)

is called non-critical with regard to (. In the trivial case y = 0, a periodic solution exits with a

period (.

In all this work, we considered that the given system (3.4) satisfies the noncritical condition.
A few known properties are summarized from [18] below. For this, we define the basic matrix Y
of (3.4), with Y(0) = I with I denoting the identity matrix n x n. With these definitions:

(a) detY(s) # 0.

(b) According to Floquet theory, a matrix B must exist that satisfies Y (s¢ + £) = Y(s¢)eP*.

(c) System (3.4) satisfies the noncritical condition <= det(I —Y(¢)) # 0.

Lemma 3.1 ([20]). Let us take the given below equation
Y (39) = LN (3) y (3) + 9 (59) - (3.5)

Given that g € Cy, and that the matriz LN has a period of ¢, then

v =Y (Y O -1) " [Ty (99 () as
is a unique € - periodic solution of (3.5).
Proof. Since K ()Y~ (3¢) = I, it follows that
0= XY ()]
= L YGNY " o0) + X (o) o [Y750)

This implies
—— Y7 60)] = =Y (LN (59). (3.6)
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If x is a solution of (3.5) with y(0) = yo, then

D e0)] = e [ 6] )+ Y ) (o

= —Y 7' (50) LN (50)y(30) + Y71 (30) [LN1(50)y(50) + g (5¢)]
= Y1 (5)g(50),
by (3.6). An integration of the above equation from 0 to s yields
y(39) = Y(2)y(0) + () [“Y 7 ()g(s)ds. (3.7)
Since y(¢) = yo = y(0), we get
y(0) = (1Y) [ YY" ($)g(s)is. 39)
A substitution of (3.8) into (3.7) yields
y(¢) = Y(3) (I = Y(£)) ! /(fY(é)Yl(s)g(s)ds +Y(x) /0” Y (s)g(s)ds.  (3.9)

Since

{
y(3e) = Y(3¢) (Y10 Il/OYl $)ds + Y (5 /Y
— () (YX( l §)ds +Y! / y-! ds—/O%Y_l( )g(s)d
=Y(sx Y L [/ Y~ ! s)ds+ Y /0 Y™ (s)g(s)ds].
By letting s = p — ¢, the above expression implies
y(>)
n+l 1
=Y(x) {/ Y1 s)ds+Y~ (Z)/g Y (u—é)g(u—ﬁ)du}. (3.10)

By (b) we have Y (3¢ — £) = Y(5¢)e 2% and Y(¢) = eP*. Hence,

(o) =Y (0 - 1) [ ¥ ateias+ [ aloas).

]
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66 Investigation of the periodicity and stability in the delay functional neutral systems

Theorem 3.1 (Krasnoselskii’s fixed point theorem [I13]). We define D to represent a
nonempty, convez, alongside closed subset, within a Banach space (E,|.||). Here, mappings
F and S transform D into [E, and furthermore satisfy the following conditions:

(i) F s+ S»x €D,V s €D,

(ii) F exhibits continuity, and FID s contain in a compact set,

(iii) S represents a contraction as characterized by a constant € < 1.

Given these conditions, an x € ID will satisfy x = F x + Sz.

Lemma 3.1 and Theorem 3.1 serve as the basis to ensure the existence of periodic solution

of (3.2).

Theorem 3.2. Assuming that T € CY(R",R"), Qi € C}(R,R"), N1 € C}(R,R" x R"),
c1 €C (R,R) and 1 € C7 (R, R), suppose that ‘rﬂH =4,
If a constant p € [0,1] and D > 0 exist such that:

r'{” = 02 and Hl —¢ (%)H = 7.

L(Imall (L +72D) +61) < p, (3.11)
med1 (1+m) < D, (3.12)
D — 261 (1 +m)
sup |I'(u)]| < 3.13
R T 1 (3.13)
Il < D —n201 (1 +m) — Ly [lex|[ supjy<p [T (u)] (3.14)
2D + 2 (14 2L [M],) + Lo Jlea || supyy<p [T (w)]
and
(=12 llrall) D — (61 + [Iral]) m2 — L [N | [[7al] + 61) mume
1Q1lly < T
m
Loy |ler] (14 ||r1]]) su I'(u
Ly fleall (XA fImall) suppuy<p T ( )W | (3.15)
L

where 1 =1+ (1+ 1L ||N||,) pl, 2 = 1D + | £ (0)] and

(L= sup ( sup I[Y (s) (Y—l () — I) Y1 (%)}_1

#€[0,0] \»#<s<aett

)

This implies that there is a T-periodic solution of (3.2).
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Proof. By the condition (3.15), we obtain

L1 [|Q1llg + y1y2 71l D+ (61 + [|r1l]) m2 + (2IL IN1 I, (71| + 61) mame
+ Lt [Jer || (14 [[r]]) sup [T (u)]
lul|<D
(1 =1y [|r1l]) D — (01 + ||Ir1l]) m2 — RIL NI, llr1]] + 61) mme
Lm
Lo fleall (T llrall) supjuy<p IT (u)]
L
+ (2L [|N1][, lr ]l + 01) mime 4 Ly [|e]| (14 [Jr1]]) sup [T (u)]

lul| <D

< Lo

|+ 172 el D+ (01 + [|r1l) n2

=D. (3.16)
We will show that there exists a ¢-periodic solution of (3.3). Assume
5 = {0 € C{R.R"), 9], = Wlly +[[¥], < +oc}
and assume the following bounded and closed convex set
M ={v € Cp.|I0]l, < D},

of the Banach space 5. For every ¥ € IM, suppose we have the system

div(%) = LN (3)v(3¢) +ILQ1 (3¢) + ILN; (30)r1 (3¢) £ (v(3¢ — p(52)))

—Le1(5)T(v(52)) + Ler () r1 (30)T (v (3¢ — p(52))) — 7“1(%);;65(0(% — (%))
— LN () () + 9 ().
with
g (30) = LQ1(50) + LN (3¢)r1 (3e)L(v (3¢ — p(3¢))) — Ler (3)T (v(52))
+Ler(52)r1 (52) T (0 (32 = p(52))) =11 (3¢) T £(0(5¢ = p(5¢))).

By using Lemma 3.1, there is a unique ¢-periodic solution of this system of the form:

»n+L

o)) =X () (Y10 =) [ () I (8) + LG (5)r1 (9 £0(s = (5))
—Lei(s)T(v(s)) +Ler(s)ri(s)T(v(s — p(s))) — rl(s)§S£(v(s - p(s)))] ds. (3.17)
As Y (s +0) = e BY 71 (5), this implies that

Y e 0) =Y 50) = e BT Ge) = YT (oe) = (YT () = 1) YT (50). (3.18)
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Also
d
dxe

Y~ (50) = Y"1 (5)LA; (52), (3.19)

now, (3.18) and (3.19) into (3.17) implies

Y () (Y_l (0) — ])_1 /:M Y1 (5) rl(s)i£(v(s —p(s)))ds
= (£ o) =Y (o) (YO 1) [N () 2o

+ (2N (s)r1(s) = 11(s)) £(v(s = p(s)))
—Lei(s)I(v(s)) +Ler(s)r(s)T(v(s — p(s)))]ds

+r1(3) £(v(3e = p())).
Here, we introduce A; and By operators as

(A1) () =Y 6 (X 0= 1) [ () L1 6) + (LN (91 ()

—r())£(9(s = 9(5))) = Lea ()T (0(5)) + Ler (s)r1()T(9(s = p(s)))] ds,

and
(B19) (3¢) = r1(3¢) £(v(3e — p(50))).

To establish the existence of an ¢-periodic solution for (3.3), it is necessary to verify that Ay
and B; fulfill the conditions of Theorem 3.1. We define = (sx +{) = x (3), y (s + () = y ()
and ||z||; < D, |ly|ll; < D for z,y € M. Next, we will investigate A1z 4 Biy. We have

1 pxt+20
(Arz) (e +0) =Y (e+0) (Y (0) = 1) / Y1 (s) [LQ1(s) 4 (LN (s)r1(s)

n+L
—r ()£ (x(s = 9(s))) = Ler ()T (w(s)) + Lea (s)r1 ()T ((s — p(s))) | ds.
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Taking s = y + £, then, we have the following from the above:
() (e 40 =Y Geb ) (YO - 1) [ e et 0
+ QLN (p+ Or1(p+ 6 = ri(p+0)) £(z(p+ L = p(p +0)))
—Ler(p+ OT (@(p+0)) + Ler(p+ Ori(p+ OT (x(p 4 € — p(u + £)) )dp]
=Y et ) (YO 1) Y k0 (L) + (LN () )
—ri () £(@ (i — p(n))) = Lea ()T (2 () + Ler ()r1 (T (2 = o(1)))] dp.
Here, through (b), we obtained
Y (et ) (Y0 =) Y (u+0)
(Y—l () - 1)’1 e By < >

( )}

As a result of the above, we have the following
(Arz) (e 4+ 0) = Y (30) (Y7 (0) - 1)‘1 /% iy (s) [LQ1(s) 4+ (2LN;(s)r1(s)
—ri(s)) £(x(s — 9(s))) = Ler ()T (2(s)) + Ler (s)r1 ()T ((s — p(s))) | ds
= (A1) (),
and
(Biy) (e +10) = 11(5e+0) L (y(se + L — p(52+ 1))
= 11(30) £(y (3¢ — p(5)))
= (Buwy) (»),
thus (Ai1z + Biy) (s +€) = (A1z + Biy) (5¢). We also obtained
(i) () = Y (o) (Y () —1) /% TN (5) [LQL(s) + (LG ()1 5)
—r(5)) £(x(s — p(s))) = Lea ()T (2(s)) + Leart ()T (a(s — p(s))) | ds
LY Go) (YO 1) Y e 0) - Y (50)] [LQI(0)
+ (2N (3)r1 (36) = 7 (52) ) £(2(3¢ = p(5¢))) = Ler ()T (2(5¢))
+ L1 ()1 ()T (w (3 — p(50)))] - (3.20)
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Since

Y'(3) = LN (3) Y (50), (3.21)
with Y71 (e 4+ £) = e BY ™ (5¢) and
Y e 0) =Y 50) = e BT Ge) = YT (5e) = (YO = 1) YT (5). (3.22)
From (3.20), (3.21) and (3.22), we have
(Arz)’ () = LNMi() (Arz) (5) +LQ1(5)

# (LN () =14 () £alor = p) ~ Ler (T (x()
ey (5¢)r1 (50T (w(3c — p(32)))].

Thus, [Aiz], = [Aiz]lo+ |[(Awz)'| | with

%Jré
izl = sup \Y ) D7 N (9 L) + (2L (0 (1) — (1)

#€[0,/]

x g(x(t =7(8))) = Loa () f(x(t)) + Lor(t)qu(¢) f (x(t = 7(2)))] ds|

L|[Pillo + LMl Nlgull 4 Br) 02 + Lol (1 + [lqal]) sup [f ()]} -

lul|<H

< ow

Where o = ID + |.£ (0)| and

||, = s, ILNG (5¢) (Arz) (5¢) 4+ LQ1(5¢)

+ (2N (321 (30) = 7(30)) £(w(5¢ = p(5¢))) = Ler ()T ()
+ L (5)r1 (56) T (2(52 — ()|

L[Nl Avellg + L[ Qullg + L IV (7]l + 61) 72

FIL fleal] (T flrall) sup [T (u)].

|ul|<D

IN

Then

lAvzlly <o |LQullg + LIV ([l + 61) o 4+ Lflea ]| (14 [ral) sup [T (w)]] -

ul||<D

Where 1 =1+ (1 + L ||IMV||,) uf and

(Bry)' (32) = ri(3) £ (y(5 = 9(50))) +11(30) (1 = ¢ (30) ) ¥ (52 = 9(50)) £ (y(5¢ = ().
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Thus

1Bull, = 11Biyllo+||(Bi)'|,
< (1 + [l e+ 192 ) .

Therefore

| A1z + Brylly < [[Aiz|ly + [|Biylly

<m |L{|Qillo + CL [N, 71l 4 61) 2 + L flex || (14 [|r1]]) o T (u)|
U=~

+ (01 + [[r1]]) m2 + v1v2 ||| D
= Ly | Q1o + 172 [|r1ll D+ (61 + [[r1l) me + (RIL [N, [|71]] + 61) mime
+ Lo [Jex | (14 [|ra]) sup T (u)].

[[ull<

By (3.16), it follows that || Az + Byy||; < D. Consequently, we have Az + By € M.

For all z 4+ y € M, the following inequalities hold:
|Aizlly < D, and H(.Alx)/”o <D.

By the Ascoli Arzela Lemma, the subset A1 of C, is pre-compact. Thus, for any sub-sequence
{zn} in M, 3 a further sub-sequence {x,,} such that Ajz,, — z9 € C; as k — +oo.

Therefore, we obtain

(Ar2)" (5¢) = LN} (5¢) (A1) (52) + LN (5¢) (Ar)” (52) +LQ; ()
+ (2N (3271 (5¢) + 2L (56)r (3¢ )—rl(%))f(x(%—p(%)))
+ (LN (o)1 (30) = 11(50) ) (1= ¢ (50) ) @' (3¢ = 9(50)) £ (w(5 = (7))
—IL [, ()T (w(30)) + 1 (30)a” (36) T'( (3¢ ))]
+TL[61( )7"1(%)+0( )71 (50)] T(2 (3¢ = p(50)))
+Lei ()r1(50) (1= ¢/ (30) ) 2/ (52 = () )T (25 = p(50))).

x) T’
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Thus

sup (A1) ()] < L[], s
t€[0,(]

o+ L],

(2L [, il 4 2L 1A 81+ 62) o

+ L M [l ]+ 61) 72 |

el

+IL (||| Il + lleal &) s I ()]

+ L Qg Iri]l 72 |2/, swp [T ()
ull <D

sup T (w)| + ||c1]] H:)j'” sup ’I"’ u ’)
flull< lull<D

=L |M], D+ LM, D+ L] &4
+ (2L ||V Il + 2 [N, 81+ 62) 72
+ (2L [Nl (71l + 01) v2Dm

+ 1L HclH sup |I' (u)|+ |je1]|| D sup ‘T’ ‘
[[ull <D ul <D

+ I ([ Irall + fleal 61) sup 1T ()

+L(|Qullg [[r1ll 72D S ' (u)]

= Dy.
Thus, one can find a constant D; > 0 in a way that

sup ‘(Alx)” (%)‘ < D; and {(.Alx)/ tx € IM} C Cy
#€[0,¢]

By the Ascoli Arzela Lemma, the sequence {z,,} has a sub-sequence, denoted again for
d

simplicity as {z,, }, such that (Alxnk)/ — 29 € Cy. Since the differentiation operator T is
P

closed, it follows that zg = (xo)/ . Thus, we conclude that zg € Cl} and that the sequence { Az, }

is contain within a compact set. Consequently, A; is a compact operator. Consider that
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zn} CM, z €8S, z, — z, then ||z, —z||, = 0 and |2/, —2/|| — 0 as n — +o00,then one have
0 n 0

P a4

Y (30) (Y7 (0) - I)_l/

»

| A1z, — Arz|ly = sup
2#€[0,/]

X (£(wn(s = p(s))) = £(x(s = p(s)))) = Ler(s)(T(zn(s)) = T(x(s)))
+ILer(s)r1(s)(T(zn(s — p(s))) = T(x(s — p(s)))] ds|
< pl[CL N il 60) Han (52) — 2 ()]

Y1 () [(2LN(5)r1(s) = 71 (s))

+IL Jer]] (14 [lra]l) sup IT(xn(%))—T(I(%))Il,

€0,

and
H(Awn)/ — (Alx)/HO = sup
#€[0,(]

+ (21L./\/1(%)7’1(%

LN1(%) ((Arzn) (5) = (Arz) (%))

~—

— 7 (30))
)) — £(2(3¢ = p())))

—Le1(50) (T(an(22)) —T(x(5)))

+ Ly (50)r1 (5¢) (T(wn (32 — p(22))) — T(x(3e — p(x2))))
< LM, [[Arzn — Avzl]

+ L N1l [l + 61) Uz (52) — 2 (50)]

+L el (1+ llr1ll) sup [T (2 (50)) =T ( (5))]

#2€[0,¢]

X (£(xn (e — (5

~—

— (1L o) [m NG ]+ 81) L (59) — 2 (59)

FL el (4 ) sup |T (2n (59) ~ T (a <z>>|].

2€[0,(]
When |z, —z|; — 0 as n — +o0, |ay (%) —x (3)| for » € [0,¢] uniformly. From the

continuity of T, we have || Ajz, — A1z, — 0, ||(A1zn) — (Alx)/HO — 0, as a result of this, A,

is continuous

For all z,y € M, we have

Bz —Biyll, = Bz —Buylly+ |(Biz) = (Biy)'||,
< (X +7D)lIrll+6) Iz =yl
< pllz—=yll
< pllz—yly,
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therefore B is a contraction operator. Thus, the conditions of Theorem 3.1 are satisfied and
there is a w € M such that w = Ajw + Byw. It is a ¢-periodic solution for (3.3). Since
v(2) = u(Lsx), Qi(») = Q(ILx), Ni(3) = N(LLx), r1(3) = r(ILx) and ¢1() = ¢(ILx),
then (3.2) has a T' -periodic solution. O
Remark 3.1. It is readily apparent that relation (3.2) reduces to form (3.1) in the special case
when the parameters are constant, i.e., when r(x) = r, <(x) = ¢, ¢(32) = ¢ and £(u(s —

r(x))) = u(s —<), yielding specific results concerning the existence of periodic solutions to

equation (3.1). This becomes clearly evident through the following theorem

For a sufficiently small positive IL, (3.1) can be transformed as

d d
@v(%) — r@v(% —7)
= LOi(5) + LN (3)v(s¢) + LNy (3¢)rv(3c — 7) — ILel (v(5¢)) + LerT (v(2e — 7))(3.23)
where v(») = u(ILx), £ = ]i, Q1 (5) = Q(Ls),andNy(») = N(LLx).
Let
S = {6 e C (R,R"), |8l = |llo+ [|¢llo < +00},
and

M={¢eCy, ¢l < H},
then MM is a bounded closed convex set of the Banach space S.

Theorem 3.3 ([20]). Suppose that T € C1(R™) and Qi, Ny € C}. If there exists a constant
H > 0 such that

sup |I'(u)|
|lu|<H < 1
H (14 (1 + L[N |l«)pl) Le’
and that
siler(U)l
1—(1+ (1+ LN, )pl) L=
Irf < up FCw)]
L 2N« (14 (14 LN ) p€) L+ (14 (14 LA, ) pf) Let=—
and ( )
1—|r)H
Q1llo < — 2[[NM||«|r|H — (1 + |r]) sup |T(u)],
19100 < (T Ty~ 2 =17 s )
where ||Ni|lx = sup |Ni(5)|« and
t€[0,4]

p= sup ( sup ’[Y(s) (Y_l(ﬁ) — I) Y_l(%)]_ID :

P [O,Z] 2<s5<z+¥

Then (3.1) has a T-periodic solution
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3.2.2 Examples

Example 3.1. Consider the following neutral differential system

—%u(%) - rdil{u(% —q)

= Q) + N(s)u(se) + N(se)ru(se — <) — cl'(u(3)) + erT'(u(se — <)), (3.24)

where T =2m, c=1,r=—, ¢ =2,

80

0 1 0 0
M= ( ~1 1 ) o= ( 0.01 cos() ) Hen= (Sin(“(“)) ) |

ForIL = 0.25, (3.24) can be transformed as

d d
d—%v(%) — rd—%v(% —7)

= LO1(2) + LN (30)v(s¢) + LNy (20)rv(sc — 7) —Lel (v(5¢)) + LerT(v(3c — 7)),  (3.25)

where v(s) = u(0.25), { = 81, T = 8,

Qwo< ! ),Amm(o 1)
0.01 cos(0.25¢) ~1 1

Since the matriz N1 has eigenvalues with non-zero real parts, the system

4,
dxe

(52) = LN (3¢)v ()

is noncritical. Let H = 30, then all conditions of Theorem 3.3 are satisfied and hence (3.24)

has a 2m-periodic solution.

Example 3.2. Consider the following neutral differential system

() = 1(o0) o L (e = 5(3)) = Q) + N (se)u(0)
+ N (e)r(50) £(u(36 = 6 (%)) = ()T (ul)) + c(36)r (3)T (3 — (), (3.26)
where T = 27, §(3) = 2sin (5), r(x) = 81() sin (52), ¢(¢) = sin (3),
9 3
0.01 cos () 5 5 0 0
Q(») = 0.05sin(s) |, NG)=| =3 0 0 |,T(u(s)) = 0 :
0.01 cos () _z _; 3 sin (u(2))
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0
and £(u(x)) = 0 . For a sufficiently small positive I = 0.25, (3.26)

0.5 4 0.5 arctan (u(s))

can be transformed as

d‘iv(%) _ 7’1(%)dd%£(v(%— p(5))

= LQ1 () + ILN1(50)v(5¢) + LN (5)r1 (50) £ (v (3¢ — p(5¢))

— Ler (50)T(v(5)) + Ler (5)r1 (50)T (v — p())), (3.27)
where v(s) = u(0.25x), { = ]{ = 8m, p(x) = W = 8sin (0.2557) ,

0.01 cos (0.255¢)
1
r1(2) = ——sin (0.25) , c1(5¢) = sin (0.255) , Q1(») = [ 0.05sin (0.255) |,

320
0.01 cos (0.255¢)
9 3
2 2 !
NM)=] =3 0 0 |. Wewill calculate p with
233
2 2
~1
L= sup( sup “Y(s) (Y*l(g)—I)Yfl(%)} )
32€[0,] \#<s<setl "
-1
= sup ( sup (Y (s) (Y7 (87) = 1) Y' (30)] )
2€[0,8m] \H#<s<sx+8m *
f./\/'l(s)ds
we have Y (5) = €0 = exp(xN1), where
9 3 3
5 5 0 1 1 0 5 00 -1 -1 0
Ni()=| =3 0 o|=PBP'=| 2 —1 0 0 3 0 2 1 0|,
3 3
- _Z -1 -1 1 1 0 1
5 5 3 0 0 3
and therefore
< 1 1 0\[e”* 0 o0 -1 -1 0
J Ni(s)ds
Y () = e0 =expN)=| -2 -1 0 0 &* 0 2 1 0
-1 -1 1 0 0 & 1 0 1

3 3
263%_ e2” 37 5 0

3 3
= 2027 — 2¢3% 2e2% _ 3% ) ,

3 3 3 3

e2¥ — 3% 2% ¢ e
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and

for sz = £ = 8w, we obtain

—4.2412%x 10717 —4.2412x 107V 0
YL () =Y""(8r)=| 84823x107'7 8.4823x 107 0
42412 x 10717 4.2412x 10717 1.4246 x 10772

000
=100 0|,
000
we find
-1
Y (s) (Y7H(87) = T) Y™ (30)]
1 -1 0 e2(e=s) 0 1 -1 0
=l 2 1 o0 0 30 2 1 0
1 1 -1 0 0 309 1 0 1
Thus
—1
sup  |[Y(s) (Y (8m) = 1) Y (3] | =9,
n<s<x+8mw *
then

[ = sup < sup
2€[0,8m] \#<s<x+8m

3%“W:H“%U%W=3J£mﬂ:ua

[ = 0.5 and therefore 1 = 566.5. The matriz N1 (3¢) have eigenvalue with non-zero real

Knowing that ||N1||, = 6, |[r1]| = 810’ 01 = Hr’lH =

d
part, the systems d—v(%) = LN (3¢)v(s¢) is noncritical. Putting D = 8 and p = 0.16, then
»

all conditions of the above Theorem 3.2 are met; hence, the systems (3.26) has a 2w-periodic

solutions.
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3.3 Asymptotic stability of periodic solutions

In this section of the chaptre, we will discuss the stability of the periodic solution. Assuming
that condition of the above theorem 3.2 fulfill, then a T-periodic solution u* exists, representing
an equilibrium for (3.2). Defining v(2¢) = u(s) — u*(5¢), we transform (1.4) into

(o) = () (£ (0 (e = 9(59)) 0" (52— 93)) — £(u* (3¢ = ()

= N()v(5e) + N (30)r(32) (£ (v (32 — p(50)) +u” (3¢ — p(3))) — £(u" (3¢ = p())))

—c(32) (T (v (50) +u" (50)) = T(u"(>)))

+ c(50)r(50) (T (v (50 = p(50)) + 0" (3 = p(50))) = T(u" (3¢ — p()))) . (3.28)
It is evident that equation (3.28) admits the trivial solution. We now apply Krasnoselskii’s

fixed point theorem to establish the asymptotic stability of this trivial solution. Let S denote

the Banach space of bounded continuous functions 9 : [m(0), 00) — R" equipped with the

supremum norm || - ||, where m(0) = inf{s — p(3) |, 22 > 0}. Additionally, for an initial
function @, we define its norm as [|®|| = sup |P(sr)], which, despite using the same
2€[m(0),0]

notation, should not be confused with the norm in S.

Proposition 3.1 ([18]). Assume the system
Y (5) = N (5)y(), (3.29)

where x — O(3) is a fundamental matriz solution define on an open interval K. The state
transition matriz is given by ¥(s,¢) = O(»)@71(s). The state transition matriz holds the

Chapman-Kolmogorov identity:
Y(s,5) =1, Y¥(3r,9)¥(s,5) = ¥(5,59).
Furthermore, it satisfies the following properties:

W(se,5)"L = W(s, ), (,i‘f(%, §) = —W (56, )N (s).

Definition 3.2. (1). The trivial solution of (3.28) is considered stable if, for every 0 < &, 3
a 0 < § such that whenever an initial function ® € C([m(0),0],R") with ||P| < J is given,
the corresponding solution x(3,0,®) of (3.28) holds |z(5,0,®)| < & for all 3 > 0.

(2). The trivial solution of (3.28) is asymptotically stable if it is stable and 3 a constant n > 0
such that for any initial function ® : [m(0),0] - R", & € C([m(0),0],R"), with |P| <n,
the corresponding solutions x (3,0, ®) of (3.28) holds }}gnmx(%,o,®) = 0.
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Theorem 3.4. If all the conditions of the above theorem 3.2 are holds and I fulfills the locally

Lipschitz condition with a Lipschitz constant R, then further consider that

O(x) >0 as »x— 00, x—p(x)— o0, (3.30)

and

Urll < 1. (3.31)

Moreover, suppose 3 a constant 3 > D in a manner that

A6y < 1, (3.32)

(1 — )\1(51) 1> 2)\[(511), (3.33)

(1—Al6y)T—2M6,D

sup [T (u)|+ sup |T'(u)] < : (3.34)
lul|<D+1 lul| <D Allell
Il < (1=A01)3=2M01D = A (SUpHquDH T (w)| + supjy<p IT (U)|) (3.35)
342XV, (2D +T) + A< (SupHquD—i—J T (w)[ + supyy<p T (U)l) ’
and
0 (L+1rl)
rllel (14 7] (supjuy<p+3 1T (v)] + supjuy<p IT (v)])
— : (3.36)
0 (L+1r[)
where
0 = sup [¥ (5,0)|, and A:sm)/T(%Jﬁh (3.37)
»2>0 2>0 0 .

Therefore, the trivial solution of (3.28) converges toward the point zero as time approaches

infinity » — oo.

Proof. Based on the conditions expressed in (3.34), (3.35) and (3.36), the subsequent inequality
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80 Investigation of the periodicity and stability in the delay functional neutral systems

holds:
O (L+ L) M+l 3+ AN, [l + 61) (2D + )
+ Alle] (1+||7“||)( sup _|T'(v)|+ sup |T(U)|>
o] <D+1 [o]<D
STl 3= AN el 4 61) (2D 4 0)
— Allell (1+H7“||)( sup _|I'(v)|+ sup |T(U)!)
o <D+1 [vl|<D
Hirll A+ AN DIl +601) (2D +13)
+ Alle] (1+||7’H)( sup _|T'(v)|+ sup \T(v)|>
vl <D+1 [vl|<D
=1 (3.38)
For a given initial function ®, 3 a unique solution v to the system (3.28). Assume
Ne = {0 €S, ||9] <I,0(3¢) =D (3),if € [m(0),0], I(3) = 0 as s — oo},

Here, Ng represents a closed convex bounded subset within the space S. Suppose v is any

solution to (3.28), express (3.28) in the given way:

000 =G (£ (00— 0(60)) + 0" (= 0(50))) = £ (= ) )|

= N(2)0() + (N (o)) =/ () (£(0( = 9(30)) + 07 (¢ = 9(2))) = £(" (¢ = 9(9)))
— c() (F(v(% + u*(%)) — F(u*(%)))

Given that © is a fundamental matrix solutions of (3.29), we obtain:

dir {@‘1 (5¢) [v(se) =1 (5¢) (£ (v (32— p(52)) +u* (32 — p(5¢))) — L(u" (3¢ — @(%))))]}

— {107 (0 069) = 109 (£ 056 9066 0 (36 6) — £00 = )]
F071 () L [u) = r(50) (£ (0 (= p(36)) " (32— () — £ (32— o(2)))].

Based on proposition 3.1, we have

a
dx

O (x5) = —O ()N (x).
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Thus,

When both sides of the equation above are integrated from 0 to sz, the result is

O~" (5¢) [v(30) = 1(30) (£ (v (3 = p(30)) + " (3 = p(32))) = £(u" (3 = p())))]
~071(0) [v(0) = r(0) (£ (v (=p(0)) +u" (=9(0))) = £(u"(=p(0))))]

»n—1

= [ 07 () {(2V()r(s) =1 (9)) (£ (v (s = 9(5)) +u" (s = 9(5))) = £(u" (5~ 9(5))))

0

—c(s) (T (v (s) +u” (5)) =T(u"(5))) + c(s)r(s)(T((v (s — p(s))
+u” (s —p(s)) = T(u"(s — p(s))) } ds, (3.39)

Multiplying the expression above by the matrix @ (2¢) and taking into account Proposition 3.1
with @ (30) @ ! (3) =1, @ () © ! (5) = ¥ (5¢,5) and © (30) @' (0) = ¥ (3,0), we get

0(00) = ¥ 4.0 @(0) = r(0)(£(0(-0(0) + w (~6(0))) = £(u"(-0(0))) )
() (£(0( = p()) + " (¢ = () = £(u (= 9(2)) )
+ [0, s>{<zfv<s>r<s> () (£(0ls = pl5) + (5 - ()
— £ (s - p(s)))) — e(s) (T(v(s) +u*(s)) - F(u*(s)))
+e()r() (T (vl = () + 0 (5 = 9(5))) =T (w5 = () }ds.

Now, considering v(s) = ® (5) when s € [m(0),0] and for s > 0, it can be expressed as
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follows:

#100) (£(v2 = 99 0" (6 = () = £(u (2= p(54))) )
+/ { (2N (s)r(s) - (s))(.ﬁ(v(s—p(s)) (s — p(s))
— £(u(s - p(s)))) —o(s) (T(v(s) +u'(s)) - F(u*(s)))
#els)r(e) (ol = o) 075 = 0() ~ T(u"(s = 0(6)) ) fat.
With all ¥ € Re, introduce Ay and By operators as:
0, 3¢ [m(0),0]
(s

(
[ e >{<2N
(s

(s)r(s) —r'(s)) («5(19(8 —p(s)) +u(s = 9(s)))
(A20)(5) = —£ (v ) -

(
)) c(s)(l"(ﬁ(s) +u*(s))

—p\s

and
d (), € [m(0),0],
(B29) (3¢) = ¥ (32,0) [®(0) — (0) (£ (P (=p(0)) +u” (=0(0))) — £(u"(=(0))))]
+7(50) (£ (0 (3¢ = p(50)) + 0" (32 = p(x))) — £(u" (3¢ = p()))) , 2> 0.
(i) Considering all z,y € Ng, z() — 0 and x(») — 0 as » — oo, then ¥ (5,0) =
@ (»)® ! (0) — 0 as » — 0 hence,
(B29) () = ¥(,0) | @(0) — #(0) (£(@(~(0)) + " (~(0)))

ason)]

_ 1

and
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Then, as s — 400, we have (Axx + Bay) (5) converges to zero. Additionally:

[Agz|| = sup [(Agz) ()]

»x>m(0)

= sup | [ (e ) A6 (6) () (£(ols = o) s 60)

— £ (u(s - p(s)))) —e(s) (l"(:zc(s) +u'(s)) - F(u*(s)))
o(s)r(o) (ol = 50 (s = 50) = T(u (s o)) s

s{(?HNH*HrIIHIWH)( sup _|£()|+ swp [£(0)])

lv|<D+1 lvl|<D

el ) sup )|+ sup \f(v)\)}

[v]l<D+1 [oll<D

4
X Sup / Y (s, 5s)ds

»>01(~/0

*

2D+ )N «llr]l + 61)

e+ D ( sup [P+ sup |r<v>|)],

[v|I<D+3 [o][<D
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and

|Bayl| = sup [(Bay) (5)]

2>m(0)

- max{ncbu ¥ (5,0) [@(O) 1 0) (£ (@ (—0(0)) + u* (—0(0)))
- fr(u*(—p(om)] () (f (4 (e — 9(30)) " (32— ()
(e W))))\}

<n (L) @+ 3.
From above,

[ A2z + Bayl| < [| Az + [ Bay]|

<r|12D+3) QN lIrll + 61)

el (@ + 171D ( sup [T (v)|
lv||<D+1

T sup |r<v>|)]

ol <]

+n (LD @+ Lrld

By the condition as expressed in (3.38), we arrive at || Agz + Boy|| < 1. This result ensures that
Asx + Boy is an element of Ne.

(i1) Given any x € Ng, we have that ||z| < J, and

(Azz)' (50)| = 0, 32 € [m (0),0]..
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Also for 53¢ > 0, using @' () = N (3)O(5¢), and with ¥ (3¢, 3¢) = [, it implies the given equation
(A ) = V) [ ¥ ) { (2N 61 6) = (9) (£ (5= 00D+ 5= )
0

= £ (5= 9(5)) )~ () (T (@ (5) + 0" () =T (' ()

+e()r(s) (T (2 (s = 9(s)) +u" (s = 9(5))) =T (w5 = 9(5)))) }ds

+ (2N () = 1(50)) (£ (@ (2 = 9(36)) + 0" (3¢ = ()

~ £ (W (e = ()

= c(56) (T (@ (56) + 0" (54) = T (" ()

+c()r(:0) (T (@ (2 = () 0" (32 = 9(3))) =T (u (3¢ = () ).
Thus, it implies the following

(A7) (o) < L+ AN [N Irll +61) (2D + 1)1

+ el (1+||7“H)( sup T (v)[ + sup !T(v)|)]

|v]|<D+1 v <D
- 317

It is essential to note that the derivative of (Agz) (3¢) at zero is interpreted as the left-hand
derivative for 0 > s and as the right-hand derivative for 0 < s2. Consequently, it follows that
‘(Ag:c)/ (%)’ remains bounded for all x € Rg, implying that AsRe forms a precompact subset
of 5. Therefore, we can conclude that As is compact.

Now, assume that {z,} C Ng, with € § and x,, — = as n — oo, which implies that

|2y, (5¢) — x (5¢)] — 0 uniformly for 2 > m(0) as n — oo. Because

Moz = Axel] = sup | [ ¥ (,9) { (2N (5)r(5) =" (9) [£ (@ (s = 9(s)) + " (= ()
£ @ (s = () +u" (3= 9(s)] = ()T (@ () + 0" ()
=T (@ (5) " ()] + ) ()T (@ (= 0(5)) + (3= ()

—T' (2 (s = p(s)) +u" (s —0(s)))]} ds|
< AN 00 A+ R leff (LAl ID] [[en = ]

coupled with the fact that I" is continuous, it can be verified that || Az, — Asz| — 0 as n — oo

and subsequently we can show that Ao exhibits continuous behavior.
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(7ii) For each x,y € No, it follows that
[Bax — Bayl| < L|r]| lz = yll

furthermore, recalling that ||| ! < 1,it holds that Bz defines a contraction operator. Utilizing
Krasnoselskii’s fixed point theorem, there exists a function ¥ € R satisfying (Ag + Ba) ¥ = 9,
making v a valid solution of (3.28). Since the solution corresponding to @ is unique, it follows

that v(s¢) — 0 as » — co. O

Now we give an important result regarding the stability of the trivial solution, as expressed

in the subsequent theorem.

Theorem 3.5. If R and | satisfy
L=1r [l = A INIL Ml 4 600) T+ el (T lIrl]) &) > 0. (3.40)
Thus, (3.1) has stable trivial solution.

Proof. Assuming that I' and £ meets the locally Lipschitz condition, D from Theorem 3.2 and

J from Theorem 3.4 must exist, yielding constants R,! > 0 in a manner that

T (0 (%) +u” (50)) = T(u"(3))| < Rlv(>)] and | £ (v (3) +u” (5)) = L(u"(5))] < ]o ()]

Given that ¢ fulfills

then
19 < 0 (ULl 1R+ Ll IO+ A T IN L M7l 00) LI+ llell (1 + [17[) R 19]]]
that is
(L =Ll = AC NI el 4 60) T llell (LA [l BTN < 6 (L4 Llrfl) 1P -

It is clear that there is a 6 > 0 for any £ > 0 in a way that | (3¢)| < & for each 2 > m (0)
assuming ||| < 9, therefore the trivial solution of (3.28) exhibits stability. O
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3.4 Application

In this section, we present a practical application that clearly and concretely illustrates
the main results obtained in this study, particularly those concerning the existence and stability
of periodic solutions for neutral differential systems with variable delays. This application aims
to highlight the theoretical and practical significance of these results, especially in addressing
problems related to electrical circuits and transmission lines, where such systems play a central
role in modeling and analysis. Through this application, we demonstrate how the analytical
methods employed in this work can be utilized to derive precise results that contribute to
a deeper understanding of these complex systems and pave the way for their application in

relevant practical contexts.

Example 3.3. Consider the system of neutral differential equations

D u(3) = r(o0) o L2 = 5(3)) = Q) + N (se)u(2)
FNGr(s) £(uls = (%)) = ()T (u()) + c(se)r ()T (u(> - <(5))), (3.41)
in which T = g, ¢() = 2sin(4x), r(x») = yiosm (45¢), c(3) = sin(4s), Q(x) =
1
0 —cosdx —— ——sindx—1
0.01 cos (4) 1-— 1 sin 43¢ e 43¢ — 1
['(u(x)) = . 1coso(u(%)) , and £(u(x)) = cos (13(%))

e Stepl In this section, we examine the existence of a periodic solution. For a
sufficiently small positive value I = 0.5, equation (3.41) can be rewritten as

L0511 (o) o L (0(3 — (59))

= IL.O1(50) + LN1(3)v(5¢) + LN1(3¢)71(3¢) £ (v (3¢ — p(52))

)r
Ly (AT (o) + Ly ()1 (AT (05 — () (3.2
where v(s) = u(0.55), £ = { =7, p(x) = $(0-5%) = 4sin (2x), ri(x) = yiosm (25),
3 1
e1(52) = sin (25¢) . 11(50) = 0 N () = —7 108 2 —1-— % sin 2«
’ 0.01 cos (2) ’ 1— isin 23 —Z + 7 608 2 |
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88 Investigation of the periodicity and stability in the delay functional neutral systems

We will calculate p with

@ = sup < sup HY (s) (Y*l () - I) YL (%)}—1 )
2€[0,] \»<s<s+{ *
= sup ( sup  ([Y(s) (Y () - 1) Y (%)]‘1 ) ,

xel0,m] \x<s<s+m *

We have
Y(%) _ efO%Nl(S)dS _ —e_j sinsx e ~cosx ’
e 2cosx e Fsinx
and
Y_l(%) _ T ginse 3% cos x '
e* cos » e” sin

We find

[Y@)(Y*() f)Y*(%)F
— )Y (s)

Y
lg . 1g
—e 251n% e ¥ cosx 0 —0.04 —e27sins e2°coss
e~ 7 cos » “sinse | | —0.2 0 e’ cos s e’sin s

1. . _1 . 1. _1 . .
(O.Qer * cos xsins + 0.04e* 2% cos ssin x  —0.2e2°* cos s cos 2 + 0.04¢€* 2%smssm%)

1. . . _1 1. . _1 .
0.2e2% ”sin ssin s — 0.04e’ " 2* cos scos x —0.2e257 % cos ssin 3¢ — 0.04e°~ 2% cos s sin s

9 1 1
M }] h/ N N* = Ve = 77
oreover, we have |N1||, = %il[lp V] 1 71| 110 HHH 70

5 |£0) =1,1=1andm = 1+ (1+L|M]|,) ul = 64.62. The differential equation
d

d—v(%) = LN (3¢)v(3¢) is noncritical. Then setting D = 15 and p = 0.56, it follows that the
»

=2 = Hl — ¢ (%)H =

condition of theorem 3.2 holds and thus (3.41) has a g -periodic solution.
e Step2 [Asymptotic stability of periodic solution]. Assigning u* as a g-periodz’c solution

(representing the equilibrium ) for (3.41), and defining v(>) = u(3) — u*(5), system (3.41)

becomes
d d
0(50) =1 (5) (£ (0 (30 = p(50)) + 0" (52 = p(52))) = L(u" (3 = p(5))))
= N()o(3) + N (5)r(5) (£ (v (5 = 0(5)) +u” (32— p(5))) = £(u (2 = p(x))))
(5) (T (v (3¢) + u” (5)) = T(u"(5)))
+c(0)r(50) (T (v (32 = p(3)) + " (32— p())) = T(w" (3 — p()))) . (3.43)
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3.4 Application 89
To determine the constants r and n, it can be shown that
x x
A = sup /‘I’ = sup /@(% @1 (s)ds
x>0 x>0
0 « 0 "
P s 1s
—e Zsins e *cosx —e2’sins e2%cos s
= sup / ds
#>0 | e~ Zcosx e Fsins e®coss  e°sins
*
» ( %) o . S—r . l(s_%) .
/ *cos s cos x + €2 sinssin ¢ e* ” cos »sin s — e2 cosssins |
= sup 1 §
%20 | * cos s sin s — 257 cos sesins 5 sin s sin ¢ + €27 cos 5 cos s
*
1 — 10e™ cos 2 + cos 23¢ — 3sin 22¢ + 16 (sin ») e_§”>
= —sup )
20 5>0 (13 — 10e™* sin ¢ + 3 cos 23¢ + sin 22¢ — 16 (cos ) 6_2%)
— . . _1
(106 #cos 7 — 13 + 3 cos 2z +sin 2 + 8 (sin s) e 2”)
1
<9 + 10e™* sin s¢ — cos 2z 4 3 sin 23¢ — 8 (cos ) 6_2”>
*
— 37,
and

_x . _
—e 2sinx e *

0 = sup|¥(x0)], =sup|| e
2>0 22>0 e 2cosx e
(cos ) e — (sin ) e~ 2
= Sup 1
#>0|\ (sins)e” (cos ) e 2*
*
= 2.

Thus, it implies the following

CcoS x 01

sin ¢ 1 0

O(s) — 0 as » — 00, 3 —c(3x) — o0,

In our case, we know that D = 15, p = 0.56, | = 1 and R = 0.1. Let J = 18, it can be

concluded that all conditions described by the above Theorems 3.4 and 3.5 have been shown to

hold. Therefore the solution of (3.43) fulfills v(3) — 0 as 2 — oo and can be said to be stable,

and so system (3.41) exhibits an asymptotically stable periodic solution
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7 CONCLUSIONS AND PERSECTIVES

In this thesis, we have examined the asymptotic stability as well as existence of periodic
solution for neutral differential system under specific sufficient conditions. Our method is
underpinned by the fixed point method, along with the introduction of novel fixed mappings,
leading us to define new conditions that guarantee such periodic solutions’ existence and
stability. The derived results build upon earlier studies by building on and generalizing prior
work, particularly from neutral differential equations toward the wider context of neutral
differential systems. This investigation highlights the effectiveness of Krasnoselskii’s fixed
point theorem for the analysis of periodicity and stability in systems that possess time delays.
Through transforming the neutral differential system into a corresponding integral system while
applying the fundamental matrix solution alongside Floquet theory, we have been able to define
the conditions which ensure the existence of periodic solution. Finally, we have defined the
conditions under which asymptotic stability can be guaranteed for these solutions, thereby
ensuring their convergence toward zero over time. To demonstrate the applicability of these
theoretical findings, practical examples are provided, validating the derived conditions and
demonstrating their benefit in guaranteeing the stability and existence of periodic solution. In
addition to improving the understanding of dynamical systems featuring time delays, this effort
has the potential for wider application across areas like electrical circuit theory, control systems,
and also biological modeling. In summary, this work provides a comprehensive framework to
assist with the analysis of neutral differential systems, which offers new perspectives and helpful
instruments to be used in investigating such systems as they appear across engineering and

science.

In the future, the results of this thesis can be generalized to delayed neutral differential
equations and systems in extended functional spaces such as LP-spaces, Sobolav spaces, and
in the time scale, as well as within fractional calculus. From the results discussed in this
thesis, which primarily concern real-world models such as electric circuits, it is evident that
the fixed-point method presented here holds promising prospects. On the other hand, there
are still open research problems awaiting modification and development in fixed-point theory,
such as relaxing the Lipschitz condition and reformulating the convexity condition of the set
in a suitable way that allows solving such problems. Our hope is very high in achieving these

promising prospects.
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