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صـــــملخ  

 

ــهالهدف من  ـــ  ادلاتــــمعال وجمللبعص المعادلات ة ـــــالحلول الدوري واستقرار وجود ة ــهو دراسذه الأطروحة ـــــ

ــــتفال ــــاضليــــ ـــحية الــ ـــ ــذات التأخ اديةــ ــــ ـــ ات الزمنيـــ ـــــير ـــ ـــة والمعامــ ة. باستخـــ ــــدام نظـــــــلات المتغير ـــ  ةـــــة الثابتـــــــرية النقطــ

، نق ــــلكراسنوسيلسكي ــــ ـــدم مجموعـــــ ــــ وط الكافي ةـ ي ة ـــــمن الشر
ــــتضم الت  ـــوجود الحل نــــــ ـــ ـــــالدوري ولـ  ة. يتضمن ذلكــ

 . بالتوازي مع نظرية فلوكيهالحلول المصفوفية الأساسية ق ـتطبي قبلمكافئة  إلى صيغة تكاملية جملةالتحويل 

ي تالرار ــوم بتحليل الاستقـــافة إلى ذلك، سنقــضبال  وط جديدة يمكنها لهذه قارب   الحلول، مما يؤدي إلى وضع شر

ــــالنظـلنتائجنا يتم دعم الأهمية العملية  .رارـــــضمان الاستق  ة، حيث يتم التحقق منــــــخلال أمثلة عددي من ـــريةــ

ح وإبراز ملا صحة  ي مجالاتئالنهج المقي 
ـــومس الكهربائية مثل الدوائر  مختلفة مته ف   نقل الطاقة طائل خطو ــــــ

 بذلك  لتشمل ةـــــــوأنظمة التحكم والنمذجة البيولوجية. تمتد هذه الدراسوالشارة 
ا
 سابقة، مقدمة

ا
اأعمالا  إطارا

ا  ا لدراسة  تفصيليا ات زمنيةحياديالتفاضلية ال جمل المعادلاتمخصصا ي تحتوي على تأخير
 .ة الت 

 

ات الزمنيةحيادية، الالمعادلات والأنظمة التفاضلية : الكلمات المفتاحية نظرية ، لنقطة الثابتةا ،التأخير

ي ، الحلول الدورية، كراسنوسيلسكي   الأساسية،الحلول المصفوفية  ،فلوكيه   . الاستقرار التقارب 
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Abstract 

 

The objective of this thesis is to study the existence and stability of periodic solutions 

for certain neutral differential equations and systems with time delays and variable 

coefficients.   Using Krasnoselskii’s fixed point theorem, we present a set of sufficient 

conditions   that   guarantee   the   existence   of   periodic   solutions.   This involves 

transforming the system into an equivalent integral form before applying fundamental 

matrix   solutions   in   parallel   with   Floquet   theory.  In addition, we analyze the 

asymptotic stability of these solutions, leading to new conditions that can ensure 

stability. The practical significance of our theoretical results is supported by numerical 

examples, which verify the validity of the proposed   approach and highlight its 

applicability in various fields such as electrical circuits, power transmission and signal 

propagation problems, control systems, and biological modeling.  This study extends 

previous work by providing a   detailed framework tailored to the study of neutral 

differential systems with time delays. 

 

 

Keywords: Neutral differential equations and systems, Time delays, Fixed point, Floquet 

theory, Fundamental matrix solutions, Krasnoselskii, Periodic solutions, Asymptotic stability 
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Résumé 

 

L’objectif de cette thèse est d’étudier l’existence et la stabilité des solutions 

périodiques de certaines équations et systèmes d’équations différentielles 

neutres avec retards temporels et coefficients variables.  En utilisant le 

théorème du point fixe de Krasnoselskii, nous présentons un ensemble de 

conditions suffisantes garantissant l’existence de solutions périodiques. Cela 

implique la transformation du système en une forme intégrale équivalente 

avant d’appliquer les solutions matricielles fondamentales en parallèle avec 

la théorie de Floquet. De plus, nous analysons la stabilité asymptotique de ces 

solutions, ce qui conduit à permet de déduire de nouvelles conditions assurant 

la stabilité. L’importance pratique de nos résultats théoriques est appuyée par 

des exemples numériques, qui vérifient la validité de l’approche   proposée et 

soulignent son adéquation dans divers domaines tels que les circuits 

électriques, les problèmes de transmission d’énergie et de propagation de 

signaux, les systèmes de commande et la modélisation biologique. Cette étude 

étend les travaux précédents en proposant un cadre détaillé spécialement 

conçu pour l’étude des systèmes d’équations différentielles neutres avec 

retards temporels.  

 

Mots clés : Équations et systèmes différentiels neutres, Retards temporels,    

Poin fixe, Théorie de Floquet, Solutions matricielles fondamentales, 

Krasnoselskii, Solutions périodiques, Stabilité asymptotique. 
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Introduction

N eutral functional differential equations have emerged as powerful mathematical
tools for modeling complex phenomena across science and engineering, particularly
in dynamical systems with time delays. These equations have garnered significant

attention due to their wide-ranging applications in fields such as electrical circuit theory, control
systems, biological modeling, and signal processing. Recent advancements in calculus have
further enriched these models by incorporating non-local operators and memory effects, enabling
more accurate representations of intricate systems.

Numerous studies have introduced various methods to analyze the stability ias iwell ias ithe
existence of periodic solution, with ifixed ipoint itheory being a frequently applied approach.
Further details on the topic are provided in [2, 4, 5, 6, 7, 8, 16, 17, 18, 19, 20, 21, 24, 29, 30, 31,
32, 33, 34, 35] and the references therein.

Fixed point theory is a vital and active area of research with wide-ranging applications
across various fields (see [16], [17], [18], [21], [40]). This theory focuses on studying the conditions
that guarantee the existence of one or more fixed points for a self-map defined on a given set. It
emerged alongside the development of classical mathematical analysis and gained increasing
attention later due to the need to prove the existence of solutions for differential and integral
equations, which made it initially a purely analytical theory. Fixed point theory is divided
into three main branches: fixed point theory in metric spaces, fixed point theory in topology,
and fixed point theory in discrete systems. Among the fundamental and classical results in
these branches are Banach’s Fixed Point Theorem, Schauder’s Fixed Point Theorem, and
Krasnoselskii’s Fixed Point Theorem.

Historical Development of Fixed Point Theory: Fixed point theory constitutes one of
the fundamental frameworks in mathematical analysis, playing a pivotal role in both theoretical
and applied disciplines, particularly in the study of differential equations, integral equations,
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and dynamical systems. The field experienced a significant milestone in 1922, when the Polish
mathematician Stefan Banach formulated his celebrated Fixed Point Theorem, commonly
known as the Contraction Principle. This theorem asserts that any contraction mapping
defined on a complete metric space possesses a unique fixed point, which can be approximated
through a simple iterative process. The profound influence of this result laid the groundwork
for modern approaches to existence and uniqueness problems in ordinary differential equations.
Subsequently, around 1930 [39], the Polish-American mathematician Jakob Schauder extended
Banach’s principle to a broader setting by proving that continuous self-maps on compact and
convex subsets of topological vector spaces admit at least one fixed point. This generalization,
known as Schauder’s Fixed Point Theorem, greatly expanded the applicability of the theory to
infinite-dimensional settings and provided powerful tools for addressing nonlinear problems in
functional analysis and partial differential equations. In 1955, the Soviet mathematician Mark

Krasnoselskii introduced his distinguished hybrid fixed point theorem, which served as a bridge
between the results of Banach and Schauder. This theorem states that if a mapping can be
expressed as the sum of a contraction and a compact operator on a closed and convex subset of
a Banach space, then the mapping has a fixed point. This result, now known as Krasnoselskii’s
Fixed Point Theorem, has proven to be of great importance in the study of nonlinear integral
and differential equations, especially those involving mixed or hybrid operators.

Later in the twentieth century, specifically in 1998, the American researcher T. A. Burton

expanded and generalized Krasnoselskii’s theorem into a more flexible formulation known as
the Krasnoselskii–Burton Theorem. This formulation was designed to address complex systems
such as delay differential equations and other nonlinear dynamical models arising in fields like
physics, engineering, and biology. This advancement significantly enriched the applications of
fixed point theory, further reinforcing its role as a central tool in modern nonlinear analysis.

Calculus and Stability Analysis Calculus, in both its differential and integral forms,
provides a fundamental and flexible mathematical framework with broad applications in the
fields of science, engineering, and technology. Recent advancements in this area have led to
the development of new methodologies for analyzing the stability of solutions in differential
equations and dynamical systems [36, 37, 38]. In the context of contemporary research, effective
stability criteria for nonlinear integro-differential equations have been developed through the
integration of classical Lyapunov theory with fixed-point theorems, such as those of Banach
and Krasnoselskii. Lyapunov theory offers powerful analytical tools for assessing the stability of
nonlinear dynamical systems, while fixed point theorems are employed to establish the existence

Univ - Annaba Department of Mathematics Anis Bouhnik
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and uniqueness of solutions.
This synergy between the two approaches has enabled the formulation of more comprehensive

results that address issues related to time delays, nonlinearity, and integral dependencies in
complex mathematical models. Numerous recent studies highlight the success of this combined
framework in diverse applications, including neutral systems, delay differential equations, and
biological models. This research direction has significantly extended previous results on neutral
differential equations with time-varying delays, tackling previously unresolved challenges and
enhancing the general applicability of stability analysis in more realistic and practical contexts.

Recent Developments in Mathematical Modeling Alongside theoretical contributions,
recent years have witnessed significant advances in the modeling and simulation of dynamical
systems. Notable developments include:

• The development of advanced numerical techniques for simulating and analyzing dynam-
ical systems in electrical circuits and control theory, which has led to improved design,
performance prediction, and stability verification in engineering systems.

• The application of differential equations in epidemiological modeling and biological systems,
enabling researchers to more accurately simulate disease transmission dynamics, population
behavior, and ecosystem interactions.

• Novel approaches to neutral differential systems using Floquet theory and matrix solutions

These contributions collectively reflect the growing sophistication of mathematical tools and
their pivotal .

Recent Developments in Neutral Differential Systems with Time-Delays: Neutral
differential systems with time varying delays have attracted increasing attention in the scientific
community due to their structural complexity and their significant relevance in modeling various
applied phenomena in fields such as engineering and biology. Djoudi and Ardjouni, together
with their collaborators, are among the most prominent researchers who have made substantial
contributions to this area, introducing important advances at both the analytical and numerical
levels aimed at investigating the stability of such systems under nonlinear and complex delay
conditions.

Djoudi and Ardjouni research [4, 5, 6, 7] focuses on integrating robust mathematical tools
most notably Lyapunov’s theory for stability analysis and fixed point theorems such as those of
Banach and Krasnoselskii. This integration has enabled the construction of a comprehensive

Univ - Annaba Department of Mathematics Anis Bouhnik



6 INTRODUCTION

theoretical framework for proving the existence and uniqueness of solutions. The approach is
particularly flexible in addressing systems that involve non constant delays and memory effects,
thereby enhancing the precision of modeling and the analysis of long-term dynamical behavior.

Moreover, Djoudi, Ardjouni and his team [20, 31, 32, 33, 34, 35] have developed advanced
numerical techniques that improve the efficiency of such analyses. These methods have been
applied to realistic systems in areas including control theory, epidemic modeling, and biological
systems, affirming the essential role of specialized mathematical tools in dealing with models
characterized by complex and nonlinear dynamics.

These contributions represent a pivotal step toward expanding both the theoretical and
practical understanding of neutral differential systems with time-delays and reinforcing the
capacity to design more stable and reliable models for real-world applications.

In 2021, Boulaaras et al. published a comprehensive analysis of fractional-order neural
networks, providing new insights into the stability and synchronization of these complex systems
[12]. This work has opened new avenues for research in artificial intelligence and machine learning,
particularly in the development of more robust and adaptable neural network architectures.

The current work extends these foundations by investigating periodic solutions in generalized
neutral systems through Krasnoselskii’s fixed-point theory. Our approach builds upon recent
stability criteria for Caputo-derived systems while introducing new conditions for asymptotic
stability in time-varying delayed systems. The subsequent analysis demonstrates how these
theoretical advancements enable more robust modeling of transmission line phenomena and
nonlinear circuit dynamics.

In 2010, Ding and Li [19] analyzed the below equation:

d

dκu(κ) − r
d

dκu(κ − ς)

= q(κ) − au(κ) − aru(κ − ς) − cΓ(u(κ)) + crΓ(u(κ − ς)).

Their work was motivated by issues in signal transmission lines and energy-related problems in
electrical circuit models. They used Krasnoselskii’s theory to define conditions for asymptotic
stability as well as the existence of periodic solution, correcting a previous result by Angelov in
2007 [2].

Mansouri, Ardjouni, and Djoudi [31] expanded on this research in 2017 by investigating the
following:

Univ - Annaba Department of Mathematics Anis Bouhnik
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d

dκu(κ) − r(κ) d
dκ£(u(κ − ς(κ)))

= q(κ) − a(κ)u(κ) − a(κ)r(κ)£(u(κ − ς(κ))) − c(κ)Γ(u(κ)) + c(κ)r(κ)Γ(u(κ − ς(κ))).

They used Krasnoselskii’s theory to demonstrate asymptotic stability as well as the existence
of periodic solution when coefficients and delay functions vary with time, a significant step
towards more realistic modeling of physical systems.

In 2020, Guerfi and Ardjouni [20] examined a neutral differential system with constant
delay:

d

dκu(κ) − r
d

dκu(κ − ς)

= Q(κ) + N (κ)u(κ) + N (κ)ru(κ − ς) − cΓ(u(κ)) + crΓ(u(κ − ς)).

By using the fundamental matrix solution and Floquet theory, the authors converted the
differential system into an integral system, making it suitable for the application of Krasnoselskii’s
theory. This approach provided a more comprehensive framework for analyzing periodic solutions
in neutral systems.

Here, see [10] we analyze the following general neutral differential system, focusing on the
asymptotic stability with the existence of its periodic solution:

d

dκu(κ) − r(κ) d
dκ£(u(κ − ς(κ))) = Q(κ) + N (κ)u(κ)

+ N (κ)r(κ)£(u(κ − ς(κ))) − c(κ)Γ(u(κ)) + c(κ)r(κ)Γ(u(κ − ς(κ))),

here ς is a positive idifferentiable ifunction, c and r are continuously and twic continuously
differentiable. Moreover, the non-singular matrix i.e., n× n regard to continuous real value
function is denoted by N ,Q, £, and Γ are assumed to be continuously differentiable functions.

The Krasnoselskii’s fixed point theory is used on this system to demonstrate the sufficient
condition for the stability and existence of periodic solution. This work extends and gener-
alizes the findings of Ding, Li, Mansouri, Ardjouni, Djoudi, and Guerfi, iproviding a imore
icomprehensive iframework for analyzing neutral differential systems with variable coefficients
and delays.
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8 INTRODUCTION

The thesis consists of three chapters:

Chapter One: serves as an introduction to fixed point theory, functional differential
equations, and stability theory, where we establish the terminology and notations used. This
chapter is a survey aimed at reviewing some fundamental definitions and theorems. It also
presents some classical and recent results in the field of fixed point theory and functional
differential equations, especially of the neutral type with time delays, and stability theory. We
also present several examples and real-life models. We also talk about differential systems,
and we review the role of fundamental matrix solutions and Floquet’s theory in studying the
existence and stability of these systems.

Chapter Two: This chapter is dedicated to presenting the most important research
findings on the periodicity and stability of nonlinear neutral functional differential equations
with time delays in Banach spaces. The desired results are based on Krasnoselskii’s fixed
point theorem. More specifically, we present and summarize very important results primarily
concerning the existence and stability of periodic solutions for two problems that model issues
arising from an electrical transmission line. The first problem was studied by Ding and Li [19],
Using Krasnoselskii’s fixed point theorem, we provide sufficient conditions for the existence of
asymptotically periodic solutions. This study focuses on the challenges associated with analyzing
integrated electronic circuits containing lossy transmission lines and nonlinear resistive loads
with exponential voltage-current characteristics. The second problem, which we also discuss
in this chapter, was studied by Mansouri, Ardjouni, and Djoudi [31]. This is considered an
extension of the first problem, as it accounts for time-varying parameters, including time delays.
Following the same approach, this study yields more comprehensive results that help stabilize
oscillations along transmission lines.

Chapter Three: This chapter is of fundamental importance in this thesis as it contains
significant results concerning the study of differential systems. These results are both novel
and represent substantial advancements in the field, while simultaneously generalizing the
results presented in Chapter 2. We note that these findings were published in a recent research
article in early 2025, see [10] . Therefore, in this chapter we explore the existence of periodic
solution by transforming the neutral differential system into an equivalent integral system using
the fundamental matrix solution and Floquet theory. Also that we discusses the asymptotic-
stability of equilibrium and periodic solution by applying Krasnoselskii’s theorem to confirm the
asymptotic-stability of trivial solution. Additionally, we present sufficient condition to ensure
the stability of non-constant periodic solution. Practical examples are included to analyze the
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INTRODUCTION 9

utility of the theoretical result, with particular emphasis on applications in electrical engineering
and control systems.

The overall goal of this study is to further the understanding of transmission line problems,
especially in how these problems relate to neutral differential equations and systems. As such,
we provide new conditions intended to guarantee the stability and existence of periodic solution.
These condition is more general and applicable to a wider range of systems than those previously
established in the literature. It is anticipated that these findings will help to improve the
understanding of dynamical systems with time delays, enhancing their applicability in a variety
of scenarios across both science and engineering.

Our work builds upon the recent advancements in integral calculus and stability analysis,
particularly those pioneered by Boulaaras and Ardjouni. By integrating these cutting-edge
approaches with classical fixed-point theory, we aim to provide a more robust and versatile
iframework ifor analyze the icomplex dynamical system. This synthesis of modern and traditional
methods offers new possibilities for imodeling and ipredicting the behavior of system with memory
effects, non-local interactions, and time-varying parameters.

The implications of this research extend beyond theoretical mathematics, offering potential
applications in fields such as:

• Advanced control systems for renewable energy integration

• Predictive modeling in epidemiology and population dynamics

• Design of robust communication networks with variable delays

• Analysis of complex biological systems with memory effects

• Development of more efficient and stable power transmission systems

By providing a more comprehensive understanding of periodic solutions in neutral differential
systems, this study aims to bridge the gap between theoretical advancements and practical
applications, paving the way for innovative solutions to complex engineering and scientific
challenges.
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Preliminaries and fundamental concepts

1.1 Background Concepts in Functional Analysis

Definition 1.1. A metric d on a set X is a function d : X ×X → [0, ∞) such that for all x,
y, z ∈ X

i) d (x, y) ≥ 0 and d (x, y) = 0 if and only if x = y,
ii) d (x, y) = d (y,x) (symmetry),
iii) d (x, y) ≤ d (x, z) + d (z, y) (triangle inequality). A metric space (X, d) is a set X with

a metric d defined on X.

The metric space (X, d) is complete if every Cauchy sequence in X has a limit in X, i.e.,
every Cauchy sequence is convergent. We say that a sequence (xn)n≥0 ⊆ X is a Cauchy sequence
if for all ϵ > 0 there exists an N > 0 such that for all n, m > N , d (xn,xm) ≤ ϵ.

Definition 1.2. A linear space (E,+, .) is a normed space if for each x ∈ E there is a
nonnegative real number ∥x∥, called the norm of x, such that

i) ∥x∥ = 0 if and only if x = 0,
ii) ∥αx∥ = |α| ∥x∥ for each α ∈ R,
iii) ∥x+ y∥ ≤ ∥x∥ + ∥y∥.

Example 1.1. Let E = Rn, n > 1 be a linear space. Then Rn is a normed space with the
following norms:
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1.1 Background Concepts in Functional Analysis 11

i) ∥x∥1 =
n∑
i=1

|xi|, for all x = (x1, ...,xn) ∈ Rn,

ii) ∥x∥p =
(

n∑
i=1

|xi|p
) 1

p

, for all x = (x1, ...,xn) ∈ Rn and p ∈ (1, ∞),

iii) ∥x∥∞ = max
i=1,n

|xi|, for all x = (x1, ...,xn) ∈ Rn.

A norm induces a metric on the vector space, by d (x, y) = ∥x− y∥.

Definition 1.3. A Banach space is a complete normed space.

Example 1.2. The space C ([a, b] , Rn) consisting of all continuous functions f : [a, b] → Rnis
a vector space over the real. The number ∥f∥ = max

a≤t≤b
|f (t)|, where ∥.∥ is the norm in Rn,

defines a norm making (C, ∥.∥) a Banach space.

Example 1.3. Let C1(iR, iRn) and C(iR, iRn) to represent the spaces of continuous idifferentiable
and icontinuous function ϑ : iR → iRn. For any 0 < T , we define

CT = {ϑ ∈ C(iR, iRn) | ϑ(κ + T ) = ϑ(κ)},

Under the supremum norm which forms a Banach space:

∥ϑ∥0 = sup
κ∈R

|ϑ(κ)| = sup
κ∈[0,T ]

|ϑ(κ)|,

For x ∈ Rn, in which |.| indicates the infinite-norm. Furthermore, we denote CT ∩ C1(R, Rn)

as C1
T , which constitutes a iBanach ispace equipped with the given norm

∥ϑ∥1 = ∥ϑ∥0 + ∥ϑ′∥0,

Example 1.4. Let ψ : [a, b] → Rn a continuous function and let S be the set of functions
continuous and bounded f : [a, ∞) → Rn with f (t) = ψ (t) for a ≤ t ≤ b, for f , g ∈ S, we
defines

d (f , g) = ∥f − g∥ = sup
a≤t<∞

|f (t) − g (t)|

So (S, d) is a complete metric space. Define

M = {φ : [0, ∞) → R/ φ ∈ C, |φ| ≤ 1, φ (t) → 0 when t → ∞, }

and
Q = {φ : [0, ∞) → R/ φ ∈ C, |φ| ≤ 1} .

Let |.| the supremum norm and let |.|h a norm weight defined by the data a function
h : [0, ∞) → [1, ∞), h (0) = 1, h (t) → ∞, and for φ ∈ M or Q, we pose

|φ|h = sup
t≥0

|φ (t)| / |h (t)| .
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12 Preliminaries and fundamental concepts

Example 1.5. (M , ∥.∥) is a Banach space.

Example 1.6. (Q, |.|h) is a Banach space.

Proof. Suppose that {ϕn} is from Cauchy in this space. The restriction of {ϕn} at the interval
[0, k] remains of Cauchy and therefore admits a continuous limit defined on this last interval.
But this is true for everything k = 1, 2, ... so we get a continuous limit on [0, ∞) which clearly
belongs to Q.

Definition 1.4. A subset M of a metric space (X, d) is compact if any sequence{xn} of M
admits a subsequence with limit in M . M is relatively compact if every sequence its closure is
compact, ( i.e. M is compact).

Definition 1.5. Let U be an interval of R and let {fn} a series of functions with fn : U → Rp.
Let ∥.∥ be any norm Rp.

(a) {fn} is uniformly bounded on U if there exists a M > 0 such that |fn (t)| ≤ M for all
n and all t ∈ U .
(b) {fn} is equicontinuous if for any ϵ > 0 there exists δ > 0 such that t1, t2 ∈ U and

|t1 − t2| ≤ δ imply |fn (t1) − fn (t2)| ≤ ϵ, for all n.

Theorem 1.1 (Ascoli-Arzela [17]). If {fn} is a uniformly bounded and equicontinuous
sequence of real functions on an interval [a, b], then there is a subsequence which converges
uniformly on [a, b] to a continuous function.

Example 1.7. Consider the Banach space C ([a, b] , Rn) with the norm of supremum ∥f∥ =

max
a≤t≤b

|f (t)|, with |.| a norm of Rn. Given two constant positive α and β, the set

L = {f ∈ C ([a, b] , Rn) / ∥f∥ ≤ α, |f (u) − f (ν)| ≤ β |u− ν|} ,

is compact. This is a consequence of Ascoli’s Theorem.

Example 1.8. (a) Let (E, d) denote the space of bounded continuous functions f : (−∞, 0] →
Rn with d (ϕ,ψ) = sup

−∞<s≤0
|ϕ (s) − ψ (s)| where |.| is the Euclidean norm in Rn

(b) Then (E, d) is a Banach space.
(c) The set

L = {f ∈ E/ ∥f∥ ≤ 1, |f (u) − f (ν)| ≤ |u− ν| , }

is not compact in (E, d). To see this, consider the sequence of functions {fn} from (−∞, 0]
into [0, 1] with fn = 0 for t ≤ −n, fn is the straight line between the points (−n, 0) and (0, 1).
Any subsequence of {fn} converges pointwise to fn = 1. But d (fn, 1) = 1 for all n. Thus, there
is no subsequence of {fn} with a limit in (E, d).
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1.2 Fixed point theorems 13

1.2 Fixed point theorems

Definition 1.6. Let f be a mapping in the set M . we call fixed point of f any point x satisfying
f (x) = x. If there exists such x, we say that f has a fixed point, which is equivalent to saying
that the equation f (x) − x = 0 has a null solution.

Definition 1.7. Let (E, d) be a complete metric space. The operator B : E → E is called the
contraction operator, if there exists a constant 0 ≤ α < 1 such that

∀x, y ∈ X, d (Bx,By) ≤ αd (x, y) .

Theorem 1.2. [Contraction Mapping Principle [17]] Let (E, d) a complete metric space
and let B : E → E a contraction mapping. Then there is one and only one point x ∈ E with
Bx = x. Furthermore, if y ∈ E and if {yn} is defined inductively by y1 = By, yn+1 = Byn,
then yn → x, the unique fixed point. In particular, the equation Bx = x has one and only one
solution.

Proof. Let x0 ∈ E and define a sequence {xn} in E by x1 = fx0, x2 = fx1 = f2x0,...,xn =

fxn−1 = fnx0. To see that {xn} is a Cauchy sequence, note that if m > n then

d (xn,xm) = d (fnx0, fmx0) ≤ αd
(
fn−1x0, fm−1x0

)
≤ ... ≤ αnd (x0,xm−n)

≤ αn {d (x0,x1) + d (x1,x2) + ... + d (xm−n−1,xm−n)}

≤ αn
{
d (x0,x1) + αd (x0,x1) + ... + αm−n−1d (x0,x1)

}
= αnd (x0,x1)

[
1 + α+ ... + αm−n−1

]
≤ αn

1 − α
d (x0,x1) .

Because α < 1, the right side tends to zero as n → ∞. Thus, {xn} is a Cauchy sequence and
(E, d) is complete so it has a limit x ∈ E. Now f is certainly continuous so

fx = f
(

lim
n→∞xn

)
= lim

n→∞ (fxn) = lim
n→∞xn+1 = x,

and x is a fixed point. To see that x is the unique fixed point, let fx = x and fy = y. Then

d (x, y) = d (fx, fy) ≤ αd (x, y) ,

and, because α < 1, we conclude that d (x, y) = 0 so that x = y. This completes the proof.

Definition 1.8 (completely Continuous mapping). Let K be a subset of a Banach space
X and A : K → X mapping. if A is and A(K) is contained in a compact subset of X, then we
say that A is a compact mapping (we also say that A is completely continuous).
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14 Preliminaries and fundamental concepts

Theorem 1.3 (Brouwer’s Fixed Point Theorem [15]). Let B be closed ball in Rn. Then
any continuous mapping f : B → B has at least one fixed point.

Theorem 1.4 (Schauder’s fixed point theorem[39] ). Let K be a nonempty closed convex
bounded subset of a Banach space (X, ∥.∥). Then every continuous compact mapping f : K → K

has a fixed point.

Proof. Let f : K → K be a continuous mapping. Since K is compact, f is uniformly continuous;
Thus, given ϵ > 0, there exists δ > 0 such that, for all x, y ∈ K, we have ∥f (x) − f (y)∥ ≤ ϵ,
provided ∥x− y∥ ≤ δ. Furthermore, there exists a nite set of points {x1,x2, ...,xn} ⊂ K such
that K ⊂ ∪1≤j≤nB (xj , δ) where B (xj , δ) is the open ball of centre xj and radius δ. The
vector space L = V ect (f (xj))1≤j≤n, is finite dimensional, and therefore , and K∗ = K ∩L is
non-empty, compact, convex and finite dimensional.
For 1 ≤ j ≤ n, we define the continuous function ψj : X → R by

ψj (x) = {.0, if ∥x− xj∥ ≥ δ,1 − ∥x− xj∥
δ

, otherwise,

we see that ψj is strictly positive on B (xj , δ) and vanishes elsewhere. Therefore we have
n∑
j=1

ψj (x) > 0, for all x ∈ K, and this continuous function is therefore bounded below on K.

We can therefore define a partition of unity,

φj (x) =
ψj (x)∑n
k=1 ψk (x)

,

which satisfy
n∑
j=1

φj (x) = 1, for all x ∈ K. We put then, for x ∈ K, g (x) =
n∑
j=1

φj (x) f (xj).

g is continuous (because it is the sum of the continuous functions) and its values are taken into
K∗ because g (x) is a center of gravity of f (xj). So if we take the restriction g|K∗ : K∗ → K∗ ,
(by Brouwer’s theorem) g has a fixed point y ∈ K∗. Furthermore

f (y) − y = f (y) − g (y) =
n∑
j=1

φj (y) f (y) −
n∑
j=1

φj (y) f (xj) =
n∑
j=1

φj (y) (f (y) − f (xj)) ,

or if φj (y) ̸= 0 then ∥y − xj∥ < δ, and so ∥f (y) − f (xj)∥ < ϵ. We have for every j,
∥φj (y) (f (y) − f (xj))∥ ≤ ϵφj (y), and so

∥f (y) − y∥ ≤
n∑
j=1

∥φj (y) (f (y) − f (xj))∥ ≤
n∑
j=1

ϵφj (y) = ϵ.

So, for any integer m, we can find a point ym ∈ K so that ∥f (ym) − ym∥ < 2−m. And since K
is compact, from the sequence (ym)m∈Z we can extract a subsequence (ymk) which converges
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1.2 Fixed point theorems 15

to a point y∗ ∈ K. Then, f being continuous, the sequence (f (ymk)) converges to f (y∗), and
we conclude that f (y∗) = y∗, i.e. y∗ is a fixed point of f on K.

In 1955 Krasnoselskii’s ([17], [40]) observed that in a good number of problems, the
integration of a perturbed differential operator gives rise to a sum of two applications, a
contraction and a compact application. It declares then, Principle: the integration of a

perturbed differential operator can produce a sum of two applications, a contraction

and a compact operator. For better understanding this observation of Krasnoselskii, consider
the following differential equation.

x′ (t) = −a (t) x (t) − g (t,x) . (1.1)

or a (t+ T ) = a (t) and g (t+ T ,x) = g (t,x) for a certain T > 0. We can transform this
equation in another form while writing, formally

x′ (t) exp
(∫ t

0
a (s) ds

)
= −a (t) x (t) exp

(∫ t

0
a (s) ds

)
− g (t,x) exp

(∫ t

0
a (s) ds

)
,

thus

x′ (t) exp
(∫ t

0
a (s) ds

)
+ a (t) x (t) exp

(∫ t

0
a (s) ds

)
= −g (t,x) exp

(∫ t

0
a (s) ds

)
,

or (
x (t) exp

(∫ t

0
a (s) ds

))′
= −g (t,x (t)) exp

(∫ t

0
a (s) ds

)
,

then integrating from t− T to t, we obtain∫ t

t−T

(
x (u) exp

(∫ u

0
a (s) ds

))′
du = −

∫ t

t−T
g (u,x (u)) exp

(∫ u

0
a (s) ds

)
du,

what gives

x (t) = x (t− T ) exp
(

−
∫ t

T−t
a (s) ds

)
−
∫ t

t−T
g (u,x (u)) exp

(
−
∫ t

u
a (s) ds

)
du. (1.2)

If we suppose that exp
(

−
∫ t

T−t
a (s) ds

)
= α < 1, and if (X, ∥.∥) is the Banach space of

functions ϕ : R → R continuous and T -periodic, then the equation (1.2) can be written as

ϕ (t) = (Bϕ) (t) + (Aϕ) (t) = Pϕ (t) ,

where B is contraction provides that the constant α < 1 and A is compact mapping. This
example shows the birth of the mapping Pϕ (t) = Bϕ (t) +Aϕ (t) who is identified with a sum
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16 Preliminaries and fundamental concepts

of a contraction and a compact mapping. Thus, the search of the solution for (1.2 ) requires an
adequate theorem which applies to this hybrid operator P and who can conclude the existence
for a fixed point which will be, in his turn, solution of the initial equation (1.1). Krasnoselskii
found the solution by combining the two theorems of Banach and that of Schauder in one hybrid
theorem which bears its name. In light, it establishes the following result [16], [40].

Theorem 1.5 (Krasnoselskii). Let D be a closed bounded convex nonempty subset of a Banach
space (X, ∥.∥). Suppose that A and B map D into X such that

i) A is compact and continuous,
ii) B is a contraction mapping,
iii) x; y ∈ D, implies Ax+By ∈ D,
Then there exists z ∈ D with z = Az +Bz.

Proof. According to the condition (ii) we have

∥(I −B) x− (I −B) y∥ = ∥(x− y) − (Bx−By)∥

≤ ∥x− y∥ + ∥Bx−By∥

≤ ∥x− y∥ + α ∥x− y∥

= (1 + α) ∥x− y∥ ,

and

∥(I −B) x− (I −B) y∥ = ∥(x− y) − (Bx−By)∥

≥ ∥x− y∥ − ∥Bx−By∥

≥ ∥x− y∥ − α ∥x− y∥

≥ (1 − α) ∥x− y∥ .

In short
(1 − α) ∥x− y∥ ≤ ∥(I −B) x− (I −B) y∥ ≤ (1 + α) ∥x− y∥ .

This inequality shows that (I −B) : D → (I −B)D is continuous and one to one. Thus,
(I −B)−1 exist and is continuous. Let us pose U = (I −B)−1

A. It is clear that U is compact
mapping, because U is a composition of a continuous mapping with a compact. Under the
theorem of Schauder, U has a fixed point, i.e.

∃z ∈ D such that (I −B)−1
Az = z.

This is equivalent to z = Az +Bz.
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1.3 Delay differential equations 17

Remark 1.1. If A = 0, the theorem become the theorem of Banach. If B = 0, then the theorem
is not other than the theorem of Schauder.

1.3 Delay differential equations

1.3.1 Fundamental concepts

Suppose τ > 0 is a given real number, R = (−∞,+∞), Rn is an n-dimensional linear vector
space over the reals with norm | · |, C ([a, b], Rn) is the Banach space of continuous functions
mapping the interval [a, b] into Rn with the topology of uniform convergence. If [a, b] = [−τ , 0]
we let C = C ([−τ , 0], Rn) and designate the norm of an element φ in C by |φ| = sup

−τ≤s≤0
|φ (s) |.

Even though single bars are used for norms in different spaces, no confusion should arise. If

t0 ∈ R, A ≥ 0 and x ∈ C ([t0 − τ , t0 +A], Rn) ,

then for any t ∈ [t0, t0 +A], we let xt ∈ C be defined by xt (s) = x (t+ s) for s ∈ [−τ , 0]. For
Ω ⊆ R ×C, and f : Ω → Rn is a given function and represents the right-hand derivative, we
say that the relation

x′ (t) = f (t,xt) , (1.3)

is a retarded functional differential equation on Ω and will denote this equation by DDE. The
number τ is called the delay. The case τ = 0 corresponds with an ordinary differential equation.
It is clear that an appropriate initial condition at time t = t0 must at least specify the vector x
for all t ∈ [t0 − τ , t0], i.e

x (t) = ψ (t) , t ∈ [t0 − τ , t0]. (1.4)

Here ψ : [t0 − τ , t0] → Rn is a known function, usually we suppose ψ to be a continuous function.
The function ψ is called the initial function of the delay differential equation. Hence, the initial
value problem of (1.3) is given by the following relation

 x′ (t) = f (t,xt) , t ≥ t0,
x (t) = ψ (t) , t0 − τ ≤ t ≤ t0,

(1.5)

where ψ is a given function defined on t ∈ [t0 − τ , t0].
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18 Preliminaries and fundamental concepts

Definition 1.9. Equation (1.3) is called

(i) linear if f (t,ψ) = L (t)ψ, where L (t) is linear for each t.

(ii) nonhomogeneous if f (t,ψ) = L (t)ψ+ h (t), where h (t) ̸= 0.

(iii) autonomous if f (t,ψ) = g (ψ), where g does not depend on t.

Example 1.9. The following equations are delay differential equations:

x′(t) = x(t) + x(t− 4), (1.6)

x′(t) = a(t)x(t) + b(t)x′(t− τ (t)) + h(t), (1.7)

x′(t) =
∫ 0

−τ
x(t+ s) ds, (1.8)

where a(t), b(t), τ (t) are continuous functions. Equation (1.6) represents an autonomous linear
differential equation with constant delay τ = 4, equation (1.7) is a linear differential equation
with non-homogeneous non-autonomous functional delay, and equation (1.8) represents a delay
linear integro-differential equation.

Definition 1.10. A function x is said to be a solution of (1.3) on [t0 − τ , t0 +A] if there are
t0 ∈ R, A > 0 such that x ∈ C([t0 − τ , t0 +A], Rn) and x satisfies (1.3) for t ∈ [t0, t0 +A]. In
such a case, we say that x is a solution of (1.3) on [t0 − τ , t0 +A]. For a given t0 ∈ R and a
given ψ ∈ C, we say that x = x(t, t0,ψ) is a solution of (1.5) with initial value at t0 or simply
a solution of (1.5) through (t0,ψ) if there is an A > 0 such that x(t, t0,ψ) is a solution of (1.5)
on [t0 − τ , t0 +A] and xt0(t0,ψ) = ψ.

Lemma 1.1. [21] Let t0 ∈ R, ψ ∈ C, and f : Ω ⊂ R ×C → Rn be a continuous function.
Then x(t, t0,ψ) is a solution of (1.5) at (t0,ψ) if and only if x(t, t0,ψ) is a solution of the
integral equation: 

x(t) = ψ(0) +
∫ t

t0
f(u,xu) du, t ≥ t0,

xt0 = ψ.
(1.9)

Proof. • Necessary condition Let x(t, t0,ψ) a solution of (1.5), then: x′(t) = f(t,xt), t ≥ t0,
xt0 = ψ.

By integration, we get:∫ t

t0
x′(u) du = x(t) − x(t0) =

∫ t

t0
f(u,xu) du, t ≥ t0.
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1.3 Delay differential equations 19

Given that x(t0) = x(t0 + 0) = xt0(0) = ψ(0), we obtain:


x(t) = ψ(0) +

∫ t

t0
f(u,xu) du,

xt0 = ψ.

• Sufficient condition Let x(t, t0,ψ) be a solution of the integral equation (1.9). Then:

x′(t) = lim
h→0

x(t+ h) − x(t)

h
= lim

h→0

1
h

∫ t+h

t
f(u,xu) du.

Since f(t,xt) is continuous in t, by the Mean Value Theorem we have:

lim
h→0

1
h

∫ t+h

t
f(u,xu) du = f(t,xt),

which completes the proof.

Lemma 1.2. [21] If x ∈ C([t0 − τ , t0 +A], Rn), then xt is continuous in t for t ∈ [t0, t0 +A].

Proof. Since x is continuous on [t0 − τ , t0 +A], it is uniformly continuous. Thus, for any ϵ > 0,
there exists δ = δ(ϵ) > 0 such that |x(t) − x(τ )| < ϵ when |t− τ | < δ. Consequently, for
t, τ ∈ [t0, t0 +A] with |t− τ | < δ, we have:

|x(t+ s) − x(τ + s)| < ϵ ∀s ∈ [−τ , 0],

which proves the continuity of xt.

Theorem 1.6. [Existence [21]] Let Ω be an open subset of R ×C and f(t,ψ) continuous on
Ω. For any (t0,ψ) ∈ Ω, there exists a solution of (1.3) passing through (t0,ψ).

Definition 1.11. The function f(t,ψ) is Lipschitz in ψ on a compact set K ⊂ R ×C if there
exists a constant k > 0 such that for all (t,ψi) ∈ K, i = 1, 2:

|f(t,ψ1) − f(t,ψ2)| ≤ k∥ψ1 − ψ2∥. (1.10)

Theorem 1.7. [Existence and Uniqueness [21]] Let Ω ⊂ R ×C be open, f : Ω → Rn

continuous, and f(t,ψ) Lipschitz in ψ on each compact subset of Ω. Then for any (t0,ψ) ∈ Ω,
there exists a unique solution of (1.3) through (t0,ψ).
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1.3.2 Method of Steps

The method of steps is a classical analytical technique used to solve certain classes of delay
differential equations (DDEs). Although this method is often regarded as being too tedious
for practical use, the availability of computer algebra systems has significantly reduced the
computational burden associated with its implementation (see [23]).

Consider the following linear delay differential equation with constant delays:

x′(t) = a0x(t) + a1x(t−w1) + · · · + amx(t−wm), (1.11)

where the initial function is prescribed as

x(t) = ϕ(t), − max(wi) ≤ t ≤ 0.

Let

b = min
1≤i≤m

wi.

Then, for all t ∈ [0, b], the delayed arguments x(t− wi) are completely determined by the
initial function ϕ. Consequently, equation (1.11) reduces on the interval [0, b] to an ordinary
differential equation of the form

x′(t) = a0x(t) + a1ϕ(t−w1) + · · · + amϕ(t−wm).

Integrating, we obtain

x(t) = x(0) +
∫ t

0
(a0x(s) + a1ϕ(s−w1) + · · · + amϕ(s−wm)) ds, 0 ≤ t ≤ b.

Once the solution is known on [0, b], the same procedure can be applied on the next interval
[b, 2b]. In this case, the solution is given by

x(t) = x(b) +
∫ t

b
(a0x(s) + a1ϕ(s−w1) + · · · + amϕ(s−wm)) ds, b ≤ t ≤ 2b. (1.12)

This iterative process can be continued step by step, provided that the resulting integrals remain
tractable. Although the method may become cumbersome for general problems, it can be
efficiently implemented for certain classes of equations using symbolic computation tools.

Example 1.10. As a simple illustration, consider the delay differential equation

x′(t) = x(t− 7),
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with the constant initial function

x(t) = 4, −7 ≤ t ≤ 0.

On the interval [0, 7], we have
x′(t) = 4,

which yields
x(t) = 4t+ 4, 0 ≤ t ≤ 7.

Using this result, the solution on the interval [7, 14] is obtained as

x(t) =
∫ t

7
x(s− 7) ds+ x(7) = 2t2 − 24t+ 102.

This stepwise procedure can be easily implemented in computer algebra systems such as Maple
using a simple for loop.

Example 1.11. Consider the delay differential equation

x′(t) = a x(t− τ ),

where a and τ are constants with τ > 0, together with the constant initial function

ϕ(t) = c, t0 − τ ≤ t ≤ t0.

Applying the method of steps, the solution can be expressed in the closed form

x(t) = c

⌊
t−t0

τ

⌋
+1∑

n=0

an

n!

(
t− t0 − (n− 1)τ

)n
. (1.3)

The method of steps can also be applied to delay differential equations with variable delays.
Consider, for instance, the equation

x′(t) = f
(
t,x(t),x(t− τ (t))

)
, (1.13)

where τ (t) is a continuous delay function. If there exists a constant d > 0 such that

inf
t≥t0

τ (t) = d,

then the method of steps applies in a straightforward manner. In this case, the solution can be
constructed iteratively on successive intervals of length d, where on each step equation (1.13)
reduces to an ordinary differential equation of the form

x′(t) = f
(
t,x(t),ψk(t− τ (t))

)
,

with ψk denoting the known solution from the previous step.
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1.3.3 Neutral delay differential equations

Definition 1.12. [21] Suppose Ω ⊆ R ×C is open with elements (t,φ). A function D : Ω →
Rn is said to be atomic at β on Ω. if D is continuous together with its first and second Fréchet
derivatives with respect to φ and Dφ, the derivative with respect to φ, is atomic at β on Ω.
Suppose that Ω ⊆ R ×C is open, f : Ω → Rn, D : Ω → Rn are given continuous functions
with D atomic at zero. Consider the neutral delay differential equation

d

dt
D (t,xt) = f (t,xt) , (1.14)

Definition 1.13. [21] A function x is said to be a solution of (1.14) on [t0 − r, t0 +A] if there
are t0 ∈ R, A > 0 such that

x ∈ C ([t0 − r, t0 +A] , Rn) , (t,xt) ∈ Ω, t ∈ [t0, t0 +A] ,

D (t,xt) is continuously differentiable and satisfies equation (1.14) on [t0, t0 + σ]. For a given
t ∈ R, ψ ∈ C and (t0,ψ) ∈ Ω we say x (t, t0,ψ) is a solution of equation (1.14) with initial
value ψ at t0 or simply a solution through (t0,ψ), if there is an A > 0 such that x (t, t0,ψ)
is a solution of (1.14) on [t0 − r, t0 +A] and xt0 (t0,ψ) = ψ; we say x (t, t0,ψ) is a solution
of (1.14) on [t0 − r, ∞) if four every A > 0, x (t, t0,ψ) is a solution of equation (1.14) on
[t0 − r, t0 +A] et xt0 (t0,ψ) = ψ.

We now review the existence and uniqueness theory for the solution of the equation (1.14).

Theorem 1.8. [Existence [21]] if Ω is an open set in R ×C and (t0,ψ) ∈ Ω, then there
exists a solution of the NDDE (D, f) through (t0,ψ).

Theorem 1.9. [Uniqueness [21]] if Ω is an open set in R ×C and f (t,ψ) is Lipschitz in ψ

in each compact set in Ω, then, for any (t0,ψ) ∈ Ω there exists a unique solution of the NDDE
(D, f) through (t0,ψ).

We have the following example

Example 1.12. The following expressions

x′ (t) = x (t− 1) +
[
x′ (t− 3) + 1

]2
,

x
′′
(t) = x

(
t

2

)
+ x′ (t− 1) − x′ (t− 3) .

are neutral delay differential equations.
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1.4 Stability theory for delay differential equations 23

Remark 1.2. There are many problems with time delay in the scientific literature, and some of
them have attracted considerable attention, including the following: Economic model, Controlling
a ship, Biology model, Mixing of Liquids, The sunflower equation, see [16]

1.4 Stability theory for delay differential equations

Accurate Stability Classification Based on Observed Behavior

Graphical Representation
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Orange: Stable only
Brown: Uniformly Stable

Green: Asymptotically Stable
Purple: Uniformly Asymptotically Stable

Blue: Exponentially Stable

Figure 1.1: Stability classification matching the original plot exactly.

Suppose that f : R ×C → Rn, is continuous and consider the delay differential equation

x′ (t) = f (t,xt) . (1.15)

The function f will be supposed to be completely continuous and to satisfy enough additional
smoothness conditions to ensure the solution x (t, t0,ψ) through (t0,ψ) is continuous in (t, t0,ψ)
in the domain of definition of the function.
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Definition 1.14. [17] Suppose f (t, 0) = 0 for all t ∈ R. The solution x = 0 of equation (1.15
) is said to be stable if for any t0 ∈ R, ϵ > 0, there is a δ = δ (ϵ, t0) > 0 such that ∥ψ∥ ≤ δ

implies |x (t, t0,ψ)| ≤ ϵ for t ≥ t0. The soluition x = 0 of equation (1.15) is said to be uniformly
stable if the number δ in definition is independent of t0.

Definition 1.15. [17] The solution x = 0 of equation (1.15) is said to be asymtotically stable
if it is stable and there is a b0 = b0 (t0) such that ∥ψ∥ ≤ δ implies that x (t, t0,ψ) → 0 as
t → ∞. The solution x = 0 of equation (1.15) is said to be uniformly asymtotically stable if
it is uniformly stable and ther is b0 > 0 such that for every η > 0 there is a c0 (η) such that
∥ψ∥ ≤ b0 implies |x (t, t0,ψ)| ≤ η for t > t0 + c0 (η) for every t ∈ R.

Lyapunov’s direct method has long been viewed as the main classical method of studying
stability problems in many areas of differential equations. The difficulty of this method is to
look for a suitable Lyapunov functional or Lyapunov function.

If V : R ×C → R is continuous and x(t, t0,ψ) is a solution of (1.15) through (t0,ψ), we
define

V ′(t,ψ) = lim
h→0+

sup 1
h
[V (t+ h,xt+h(t,ψ)) − V (t,ψ)] .

The function V ′(t,ψ) is the upper right-hand derivative of V (t,ψ) along the solution of (1.15).

Theorem 1.10 ([21]). Suppose f : R ×C → Rn takes R× (bounded sets of C) into bounded
sets of Rn, and u, ν, w : R+ → R+ are continuous non-decreasing functions, u(s) and ν(s) are
positive for s > 0, and u(0) = ν(0) = 0. If there exists a continuous function V : R ×C → R

such that:

u(|ψ(0)|) ≤ V (t,ψ) ≤ ν(|ψ|),

V ′(t,ψ) ≤ −w(|ψ(0)|),

then the solution x = 0 of equation (1.15) is uniformly stable. If w(s) > 0 for s > 0, then the
solution x = 0 is uniformly asymptotically stable.

Numerical Examples and Tests

Example 1.13. We study the differential equation:

ẋ(t) = ax(t), x(0) = 1 (1.16)
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Stability Analysis Depending on the sign of a, we obtain: Numerical Values of the
Solution We compute the values of x(t) for selected values of t and three representative values
of a:

Table 1.1: Values of x(t) for different a

t x(t) for a = −1 x(t) for a = 0 x(t) for a = 0.7

0 1.000 1.000 1.000
0.5 0.607 1.000 1.419
1 0.368 1.000 2.014

1.5 0.223 1.000 2.858
2 0.135 1.000 4.060

2.5 0.082 1.000 5.767
3 0.050 1.000 8.188

Graphical Representation
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a = 0.7 (unstable)

Figure 1.2: Solutions for different values of a.
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Example 1.14. Behavior of the Delay Differential Equation
ẋ(t) = ax(t− τ )

Case Analysis with Delay τ = 1 We analyze the delayed differential equation:

ẋ(t) = ax(t− τ ), t > 0, x(s) = 1, −τ ≤ s ≤ 0 (1.17)

with different values of a to understand the long-term behavior of the solutions.

• Asymptotically Stable: a = −1 results in oscillations that decay to zero.

• Stable (not asymptotically): a = 0 yields constant solutions.

• Unstable: a = 0.05 results in exponential-like growth.

Table 1.2: Values of x(t) for different a

t x(t) for a = −1 x(t) for a = 0 x(t) for a = 0.05

0 1.000 1.000 1.000
1 0.000 1.000 1.000
2 -1.000 1.000 1.051
3 0.000 1.000 1.105
4 0.500 1.000 1.161
5 0.000 1.000 1.221
6 -0.250 1.000 1.284
7 0.000 1.000 1.349
8 0.125 1.000 1.419
9 0.000 1.000 1.492
10 -0.063 1.000 1.568
11 0.000 1.000 1.648
12 0.031 1.000 1.732
13 0.000 1.000 1.819
14 -0.016 1.000 1.910
15 0.000 1.000 2.005
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Plot of Solutions
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1.5 Differential Systems

1.5.1 Generalities

Consider the linear system of ordinary differential equations of the form

x′
1 = a11(t)x1(t) + a12(t)x2(t) + · · · + a1n(t)xn(t) + g1(t),

x′
2 = a21(t)x1(t) + a22(t)x2(t) + · · · + a2n(t)xn(t) + g2(t),
...

x′
n = an1(t)x1(t) + an2(t)x2(t) + · · · + ann(t)xn(t) + gn(t),

where the functions aij , gi, 1 ≤ i ≤ n, 1 ≤ j ≤ n, are continuous real-valued functions on an
interval I. Using vector and matrix notations, the above system is equivalent to the vector
equation

x′(t) = A(t)x(t) + g(t), (1.18)

where x :=



x1

x2
...
xn

 , x′ :=



x′
1

x′
2
...
x′
n

 , and A(t) :=



a11 a12 · · · a1n

a21 a22 · · · a2n
... ... . . . ...
an1 an2 · · · ann

 , g(t) :=



g1(t)

g2(t)
...

gn(t)


for t in I. Note that the matrix functions A and g are continuous on an interval I if and only
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if all their entries are continuous on I.

Definition 1.16. We say the n× 1 vector y is a solution of (1.18) on I if y is continuously
differentiable on I and

y′(t) = A(t)y(t) + g(t)

for all t in I.

We denote the space of n-tuple continuously differentiable functions x : I → Rn by
C1(I, Rn). Next, we define matrix norm.

Definition 1.17. Let A be a matrix with entries aij, 1 ≤ i ≤ n, 1 ≤ j ≤ n, that is, A = (aij).
We define the following possible norms on the matrix A.

1. The 1-norm:

∥A∥1 = max
1≤j≤n

(
n∑
i=1

|aij |
)

(the maximum absolute column sum).

2. The infinity norm:

∥A∥∞ = max
1≤i≤n

 n∑
j=1

|aij |


(the maximum of the sums of the absolute values along each row).

3. The Euclidean norm:

∥A∥E =

√√√√ n∑
i=1

n∑
j=1

(aij)2

(the square root of the sum of squares of all entries).

Theorem 1.11. [Gronwall’s inequality [36]] Let C be a nonnegative constant, and let u, v
be nonnegative continuous functions on [a, b] such that

v(t) ≤ C +
∫ t

a
v(s)u(s) ds, a ≤ t ≤ b. (1.19)

Then

v(t) ≤ Ce
∫ t

a
u(s) ds, a ≤ t ≤ b. (1.20)

In particular, if C = 0, then v = 0.
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Theorem 1.12. Suppose A(t) and g(t) are continuous on some interval a ≤ t ≤ b. Then (1.18)
has a unique solution ϕ(t) on the interval a ≤ t ≤ b with ϕ(t0) = η and a ≤ t0 ≤ b.

Proof. Applying Theorem 1.11 (Gronwall’s inequality)

Corollary 1.5.1. If A(t) and g(t) are continuous on R, then the unique solution ϕ(t) of (1.18)
is defined for all t ∈ R.

In the next discussion, we try to estimate the error between two solutions. Let ϕ1 and ϕ2 be
two solutions of (1.18) with ϕ1(t0) = η1 and ϕ2(t0) = η2, respectively. Then

|ϕ1(t) − ϕ2(t)| ≤ |ϕ1(t0) − ϕ2(t0)| +
∣∣∣∣∣
∫ t

t0
A(s)[ϕ1(s) − ϕ2(s)] ds

∣∣∣∣∣
≤ |η1 − η2| +

∫ t

t0
∥A(s)∥|ϕ1(s) − ϕ2(s)| ds.

Using Gronwall’s inequality, we arrive at

|ϕ1(t) − ϕ2(t)| ≤ |η1 − η2|e
∫ t

t0
∥A(s)∥ ds, (1.21)

which is an estimate of the error between the two solutions at two different initial conditions.

1.5.2 Fundamental matrix and exponential matrix

Fundamental matrix
Solving the non-homogeneous equation (1.18) requires solving the homogeneous system

x′(t) = A(t)x(t), (1.22)

where A(t) is an n× n matrix of coefficients aij(t), which are assumed to be continuous on an
interval I. Recall that a solution x(t) of (1.22) is an n-tuple of C1 functions xi : I → R. We
adopt the notation

x(t) =



x1(t)

x2(t)
...

xn(t)

 .

The solution x may be considered as a C1 vector-valued function x : I → Rn. The space of such
functions is denoted by C1(I, Rn). If S is the solution space of (1.22), then S ⊂ C1(I, Rn).
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Definition 1.18. (Fundamental set of solutions) A set of n solutions of the linear
differential system (1.22), all defined on the same open interval I, is called a fundamental set
of solutions on I if the solutions are linearly independent functions on I.

We have the following corollary.

Corollary 1.5.2. Let A(t) be an n× n matrix of continuous coefficients aij(t) on an interval I.
If {ϕ1(t),ϕ2(t), . . . ,ϕn(t)} form a fundamental set of solutions on I, then The general solution
of (1.22) is given by

x(t) = c1φ1(t) + c2φ2(t) + · · · + cnφn(t)

with constants ci, i = 1, 2, . . . ,n.

Definition 1.19. [Fundamental matrix] A matrix solution Φ is called a fundamental matrix
solution (or, shortly, fundamental matrix) of (1.22) on an interval I if its columns form a
fundamental set of solutions. If, in addition, Φ(t0) = I, then a fundamental matrix solution is
called the principal fundamental matrix solution (or, shortly, principal matrix).

Theorem 1.13. ([36]) The matrix Φ is a fundamental matrix of x′ = Ax at t0 if and only if

(a) Φ is a solution of x′ = Ax, i.e. Φ
′
= AΦ, and

(b) det Φ(t0) ̸= 0.

Example 1.15. We claim that the matrix

Φ(t) =

 e−t te−t

−e−t (1 − t)e−t


is the fundamental matrix for the system

x′(t) =

 0 1
−1 −2


x1

x2

 .

To see this, we have

Φ′(t) =

−e−t e−t − te−t

e−t −e−t − (1 − t)e−t

 =

−e−t (1 − t)e−t

e−t −2e−t + te−t

 .

On the other hand, 0 1
−1 −2

Φ =

 0 1
−1 −2


 e−t te−t

−e−t (1 − t)e−t

 =

−e−t (1 − t)e−t

e−t te−t − 2e−t

 .
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Definition 1.20. The state transition matrix for the homogeneous linear system (1.22) on the
open interval I is the family of fundamental matrix solutions t 7→ Ψ(t, τ ) parametrized by τ ∈ I
such that Ψ(τ , τ ) = I, where I denotes the n× n identity matrix.

Proposition 1.1. ([18])[the state transition matrix] If Φ(t) is a fundamental matrix
solution for the system (1.22) on I, thenΨ(t, τ ) := Φ(t)Φ−1(τ ) is the state transition matrix.
Also, the state transition matrix satisfies the Chapman–Kolmogorov identities:

Ψ(τ , τ ) = I, Ψ(t, s)Ψ(s, τ ) = Ψ(t, τ )

and the identities:

Ψ(t, s)−1 = Ψ(s, t), ∂

∂s
Ψ(t, s) = −Ψ(t, s)A(s).

Exponential matrix

The concept of the matrix exponential is considered one of the fundamental tools in applied
mathematics, particularly in systems theory, control engineering, signal processing, and com-
munication systems. Its role extends beyond merely solving linear time-invariant systems to
encompass the complete characterization of system dynamics, frequency response analysis, and
stability investigations.

Definition 1.21. Let A be an n× n constant matrix. Then we define the exponential matrix
function by eA(t−t0), which is the solution of x′ = Ax, and eA(0) = I (identity matrix).

Thus we have already proved that

x(t) = eA(t−t0)x0 (1.23)

is the unique solution of
x′(t) = Ax(t), x(t0) = x0, (1.24)

for all t ∈ R.

Definition 1.22. For any square matrix A ∈ Cn×n and scalar t ∈ R, the matrix exponential is
defined by the absolutely convergent series:

eAt =
∞∑
k=0

(At)k

k!
= I +At+

(At)2

2!
+

(At)3

3!
+ · · ·

where I denotes the n× n identity matrix.
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Theorem 1.14 (Convergence). The matrix exponential series converges absolutely for all
A ∈ Cn×n and t ∈ R.

Proof. Using the matrix norm ∥ · ∥, we have:∥∥∥∥∥∥
∞∑
k=0

(At)k

k!

∥∥∥∥∥∥ ≤
∞∑
k=0

(∥A∥|t|)k

k!
= e∥A∥|t| < ∞

Theorem 1.15. [36] Let A and B be n× n constant matrices. Then:

1. d

dt
eAt = AeAt, t ∈ R;

2. det(eAt) ̸= 0, t ∈ R, and eAt is a fundamental matrix solution for (1.22);

3. eAt = I +At+
1
2(At)

2 +
1
6(At)

3 + · · · + 1
k!
(At)k + · · · ;

4. eAteAs = eA(t+s), t, s ∈ R;

5.
(
eAt

)−1
= e−At;

6. If AB = BA, then eAtB = BeAt;

7. If AB = BA, then eAteBt = e(A+B)t, t ∈ R;

8. If P is a nonsingular matrix, then ePBP
−1

= PeBP−1.

Methods for Computing eAt

Direct Series Expansion For simple matrices, the series can be computed explicitly by
summing terms until convergence. However, this is often impractical for large matrices.

eAt =
∞∑
k=0

(At)k

k!
= I +At+

A2t2

2!
+
A3t3

3!
+ · · · (1.25)

Diagonalizable Matrices If A is diagonalizable, i.e., A = PDP−1, where D =

diag(λ1,λ2, . . . ,λn), then:

eAt = PeDtP−1 = P



eλ1t 0 · · · 0
0 eλ2t · · · 0
... ... . . . ...
0 0 · · · eλnt

P
−1 (1.26)
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Jordan Canonical Form For non-diagonalizable matrices, A can be decomposed into
its Jordan form A = PJP−1, where J consists of Jordan blocks. Then:

eAt = PeJtP−1 (1.27)

where eJt is computed block-wise using:

eJit = eλit



1 t
t2

2!
· · ·

0 1 t · · ·
0 0 1 · · ·
... ... ... . . .


(1.28)

Using Laplace Transforms The matrix exponential can also be computed using the
inverse Laplace transform:

eAt = L−1
{
(sI −A)−1

}
(1.29)

Putzer’s Algorithm An alternative method for computing eAt without eigenvectors,
using the Cayley-Hamilton theorem.

Theorem 1.16. [36] Let A(t) be an n×n matrix, and let g(t) be an n× 1 vector, both continuous
on some interval I. Suppose Φ is the fundamental matrix of the homogeneous system. Then
x(t) is a solution of

x′ = A(t)x+ g(t), x(t0) = x0, t ≥ t0, (1.30)

on I if and only if x satisfies

x(t) = Φ(t)Φ−1(t0)x0 +
∫ t

t0
Φ(t)Φ−1(s)g(s)ds, (1.31)

where t0 ∈ I and x0 ∈ Rn.

Remark 1.3. In the case where A is an n× n constant matrix, the exponential matrix is
equivalent to

eA(t−t0) = Φ(t)Φ−1(t0),

which is the principal matrix. In this case, (1.31 ) reduces to or takes the form

x(t) = eA(t−t0)x0 +
∫ t

t0
eA(t−s)g(s) ds. (1.32)
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Example 1.16. Solve the system:

x′(t) =

4 2
3 −1

x+
−15te−2t

−4te−2t

 , x(0) =

7
3

 .

Using Putzer’s algorithm, we find the matrix exponential:

eAt =
1
7

 e−2t + 6e5t −2e−2t + 2e5t

−3e−2t + 3e5t 6e−2t + e5t

 .

Note that eA0 = I. Using formula (1.32), the solution is:

x(t) =
1
7

 e−2t + 6e5t −2e−2t + 2e5t

−3e−2t + 3e5t 6e−2t + e5t


7

3


+
∫ t

0

1
7

 e−2(t−s) + 6e5(t−s) −2e−2(t−s) + 2e5(t−s)

−3e−2(t−s) + 3e5(t−s) 6e−2(t−s) + e5(t−s)


−15se−2s

−4se−2s

 ds
=

1
14

 (6 + 28t− 7t2)e−2t + 92e5t

(−4 + 14t+ 21t2)e−2t + 46e5t

 .

Remark 1.4. Another point of discussion is that if we integrate (1.22) from t0 to t, then we get

x(t) = e

∫ t

t0
A(s)ds.

Now let
Φ(t) = e

∫ t

t0
A(s)ds. (1.33)

For Φ(t) to be a fundamental matrix solution, we must have

A(t)

(∫ t

t0
A(s)ds

)
=

(∫ t

t0
A(s)ds

)
A(t). (1.34)

Example 1.17. Find the fundamental matrix Φ(t) for the system

x′ =

1 t

t 1


x1

x2

 , where A(t) =

1 t

t 1

 and Φ(t) = e
∫ t

0 A(s)ds.

First, we compute:

A(t)

(∫ t

0
A(s)ds

)
=

(∫ t

0
A(s)ds

)
A(t) =

t+ t3/2 3t2/2
3t2/2 t+ t3/2

 .
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The matrix
∫
A(t)dt has eigenvalues:

λ1 = t+
t2

2 and λ2 = t− t2

2 .

The corresponding eigenvectors (independent of t) are:

λ1,K1 =

1
1

 ; λ2,K2 =

−1
1

 .

Let H =

1 −1
1 1

 with inverse H−1 =
1
2

 1 1
−1 1

. We diagonalize
∫ t

0
A(s)ds via:

J = H−1
(∫ t

0
A(s)ds

)
H =

t+
t2

2 0

0 t− t2

2

 .

The exponential matrix of J is:

eJ =

et+ t2
2 0

0 et−
t2
2

 .

Finally, the fundamental matrix is:

Φ(t) = e
∫ t

0 A(s)ds = HeJH−1 =
et

2

e t2
2 + e− t2

2 e
t2
2 − e− t2

2

e
t2
2 − e− t2

2 e
t2
2 + e− t2

2

 .

1.5.3 Floquet Theory and stability systems

In 1883, French mathematician Gaston Floquet (1847–1920) made a pioneering contri-
bution to differential equation theory through his development of Floquet theory, published
in the Annales Scientifiques de l’École Normale Supérieure. This theory focuses on studying
linear differential systems with periodic coefficients expressed by the formula:

x′(t) = A(t)x(t) where A(t+ T ) = A(t),

representing a fundamental mathematical framework for analyzing periodic systems. Floquet
demonstrated that fundamental solutions to these systems take the form:

Φ(t) = P (t)eBt
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where P (t) is a periodic function and B is a constant, while introducing the concept of Floquet

multipliers used to assess system stability. The applications of this theory extend beyond
theoretical frameworks to encompass broad practical domains including: Vibration physics in
Mathieu oscillators, Electrical circuit engineering, Biological rhythm studies. Later expanded to
include nonlinear systems through Floquet-Lyapunov theory, this work became a cornerstone
of applied mathematics in the 20th century. Although Floquet’s fame never reached that of
contemporaries like Henri Poincaré, his theory proved particularly influential in fields such
as: Quantum mechanics, Solid-state physics. In this section, we will begin the study of linear
systems of the form

x′(t) = A(t)x, x ∈ Rn (1.35)

where t → A(t) is a T -periodic continuous matrix-valued function. The main theorem in this
section, Floquet’s theorem, gives a canonical form for each fundamental matrix solution. This
result will be used to show that there is a periodic time-dependent change of coordinates that
transforms system (1.35) into a homogeneous linear system with constant coefficients. Floquet’s
theorem is a corollary of the following result about the range of the exponential map.

Theorem 1.17. [18] If C is a nonsingular n× n matrix, then there is an n× n matrix B,
possibly complex, such that eB = C.

Theorem 1.18. [Floquet’s Theorem [18]] If Φ(t) is a fundamental matrix solution of the
T -periodic system (1.35), then, for all t ∈ R,

Φ(t+ T ) = Φ(t)Φ−1(0)Φ(T ).

In addition, for each possibly complex matrix B such that

eTB = Φ−1(0)Φ(T ),

there is a possibly complex T -periodic matrix function t 7→ P (t) such that Φ(t) = P (t)etB for
all t ∈ R.

Proof. Since the function t 7→ A(t) is periodic, it is defined for all t ∈ R. Thus, by [ [18],
Theorem 2.4, p130 ] all solutions of the system are defined for t ∈ R. If Ψ(t) := Φ(t+ T ), then
Ψ is a matrix solution. Indeed, we have that

Ψ̇′(t) = Φ̇′(t+ T ) = A(t+ T )Φ(t+ T ) = A(t)Ψ(t),
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as required. Define
C := Φ−1(0)Φ(T ) = Φ−1(0)Ψ(0),

and note that C is nonsingular. The matrix function t 7→ Φ(t)C is clearly a matrix solution of the
linear system with initial value Φ(0)C = Ψ(0). By the uniqueness of solutions, Ψ(t) = Φ(t)C

for all t ∈ R. In particular, we have that

Φ(t+ T ) = Φ(t)C = Φ(t)Φ−1(0)Φ(T ).

By Theorem 1.17, there is a matrix B, possibly complex, such that

eTB = C.

If P (t) := Φ(t)e−tB, then

P (t+ T ) = Φ(t+ T )e−TBe−tB = Φ(t)Ce−TBe−tB = Φ(t)e−tB = P (t),

Thus, we have P (t+ T ) = P (t), and Φ(t) = P (t)etB as required.

Stability Analysis of Linear Systems Consider the system of ordinary differential
equations

x′ = f(t,x), (1.36)

where f ∈ C([0, ∞) ×D, Rn), and D ⊂ Rn is open. We say that a vector x∗ ∈ Rn is an
equilibrium, or constant solution, or equilibrium solution of (1.36) if

f(t,x∗) = 0, 0 ≤ t < w,

for a positive constant w. In practice, it is easier to talk about a zero solution, or x = 0. To do so,
we translate every nonzero equilibrium point to zero by the change of variables x̃(t) = x(t)− x∗,
and from (1.36) we have that

x̃′(t) = (x(t) − x∗)′ = x′(t) = f(t, x̃(t) + x∗).

In this case, x̃(t) = 0 is an equilibrium point of (1.36), which we may call the zero solution of
(1.36). Thus, in most cases, we may require f(t, 0) = 0, 0 ≤ t < w, when we talk about the zero
solution. Next, we consider (1.36) with the initial condition x(t0) = x0 with the assumption
that f(t, 0) = 0.
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Definition 1.23. The zero solution x = 0 of (1.36):

(a) is stable (S) if for all ε > 0 and t0 ≥ 0, there is δ = δ(t0, ε) > 0 such that |x(t0)| < δ

implies |x(t, t0,x0)| < ε;

(b) is uniformly stable (US) if δ is independent of t0;

(c) is unstable if it is not stable;

(d) is asymptotically stable (AS) if it is stable and lim
t→∞

|x(t, t0,x0)| = 0;

(e) is uniformly asymptotically stable (UAS) if it is US and there exists γ > 0 such that
for each µ > 0, there exists T = T (µ) > 0 such that |x(t0)| < γ, t ≥ t0 + T , implies
|x(t, t0,x0)| < µ.

Now we are in a position to discuss the stability of the zero solution of the linear system

x′(t) = A(t)x(t), x(t0) = x0, (1.37)

where A(t) is an n× n matrix with continuous entries on [0, ∞), using the concept of the
fundamental matrix. We begin with the following theorem.

Theorem 1.19. [36] Let Φ(t) be the fundamental matrix of (1.37). Then the zero solution of
(1.37) is

(a) stable if and only if there exists a positive constant M such that

|Φ(t)| ≤ M , t ≥ 0;

(b) asymptotically stable if and only if

|Φ(t)| → 0 as t → ∞.

Theorem 1.20. [36] Let Φ(t) be the fundamental matrix of (1.37). Then the zero solution of
(1.37) is uniformly stable if and only if there exists a positive constant M such that

|Φ(t)Φ−1(s)| ≤ M , t ≥ s ≥ 0. (1.38)

The next theorem provides necessary and sufficient conditions for the UAS.
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Theorem 1.21. [36] Let Φ(t) be the fundamental matrix of (1.37). Then the zero solution of
(1.37) is uniformly asymptotically stable if and only if there exist positive constants M and β
such that

|Φ(t)Φ−1(s)| ≤ Me−β(t−s), t ≥ s ≥ 0. (1.39)

Example 1.18. The nonlinear system

x′(t) =

 0 1
−2
t2

2


x1

x2

 , t > 0,

has the fundamental matrix

Φ(t) =

t2 t

2t 1

 , t > 0.

By Theorem 1.19, its zero solution is unstable, since there is no constant M such that ∥Φ(t)∥ ≤
M .

Example 1.19. The system

x′(t) =

 0 1
−2 −2


x1

x2

 , t > 0,

has the fundamental matrix

Φ(t) = e−t

 cos(t) sin(t)
−(cos(t) + sin(t)) cos(t) − sin(t)

 , t > 0.

After some calculations, we can verify that for some positive constant K,

∥Φ(t)Φ−1(s)∥ ≤ Ke−(t−s), t ≥ s ≥ 0,

and by Theorem 1.21 the zero solution is UAS.

This section is concerned with homogeneous systems of the form

x′(t) = A(t)x(t), (1.40)

where the matrix A(t) is periodic with period T (constant), that is,

A(t+ T ) = A(t) for all t ∈ R.
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For the rest of this section, we assume that A(t) is a periodic matrix with period T . Our aim
is to find an expression for the fundamental matrix in this case. Unlike the case of a constant
coefficient matrix, the fundamental matrix cannot be expressed as

Φ(t) = (φ1, . . . ,φn),

where the φi, i = 1, 2, . . . ,n, satisfy

φi(t) = kie
λit,

and (λi,Ki), i = 1, 2, . . . ,n, are eigenpairs for the constant matrix A. To reinforce this notion,
we offer the following example.

Example 1.20. Consider the nonlinear system

x′(t) =

sin(t) 0
0 2


x1

x2

 , t ∈ R.

Then the corresponding A(t) matrix is periodic with period T = 2π. Moreover, A(t) has the
eigenpairs sin(t),

1
0


 ,

2,

0
1


 .

Without thinking and not paying attention to the fact that A is not a constant matrix, using the
obtained eigenpairs, we form the fundamental matrix

Φ(t) =

esin(t) 0
0 e2t

 .

Definition 1.24. Let Φ(t) be the fundamental matrix for the Floquet system (1.40). Then the
eigenvalues ρ1, ρ2, . . . , ρn of B := Φ−1(0)Φ(T ) are called the Floquet multipliers of the Floquet
system (1.40).

Theorem 1.22. The zero solution of (1.40) is

(i) stable if and only if the Floquet multipliers ρ satisfy |ρ| ≤ 1 and there is a complete set of
eigenvectors for any multiplier of modulus 1;

(ii) asymptotically stable if and only if |ρ| < 1 for every ρ.
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Example 1.21. Consider the periodic system with period π:

x′(t) =

 −1 + 1
2 sin2(t) −1 − 1

2 cos(t) sin(t)

1 − 1
2 cos(t) sin(t) −1 + 1

2 cos2(t)


x1

x2

 .

By inspection, we found the fundamental matrix to be

Φ(t) =

−e−t/2 sin(t) e−t cos(t)
e−t/2 cos(t) e−t sin(t)

 .

We encourage the reader to verify that

Φ′(t) = A(t)Φ(t).

Then

B := Φ−1(0)Φ(T ) = Φ−1(0)Φ(π) =

0 1
1 0


 0 −e−π

−e−π/2 0

 =

−e−π/2 0
0 −e−π

 ,

and thus the eigenvalues of B are given by ρ1 = −e−π/2 and ρ2 = −e−π with |ρi| < 1,
i = 1, 2. By Theorem 1.22, the origin (0, 0) is asymptotically stable.

Numerical Examples and Tests

Example 1.22. (Neutral Delay Differential Systems)
We consider NDDS of the form:

d

dt
[x(t) +B x(t− τ )] = Ax(t) +C x(t− τ ),

where:

• x(t) ∈ R2 is the state vector,

• B ∈ R2×2 is the neutral delay matrix,

• A,C ∈ R2×2 are constant system matrices,

• τ = T = 1 is both the delay and the period.
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Two cases are considered: one leading to instability, and another exhibiting asymptotic stability.
• Case 1: Unstable System The first system is given by:

d

dt

x(t) +
0.3 0

0 0.3

x(t− 1)

 =

 0 1
−2 0

x(t) +
0 0

0 −0.5

x(t− 1). (1.41)

Table 1.3 presents the evolution of the state variables.

Table 1.3: State Evolution for Unstable System

Time (T ) t = 0 t = 1T t = 2T t = 3T t = 4T

x1(t) 1.00 1.80 3.20 6.80 15.60
x2(t) 0.00 1.20 3.80 9.00 22.50

Interpretation: The continuous growth in both x1(t) and x2(t) indicates unbounded behavior.
The system amplifies initial conditions exponentially, which is a clear manifestation of instability.
No convergence towards equilibrium is observed.
• Case 2: Asymptotically Stable System The second system is defined by:

d

dt

x(t) +
0.1 0

0 0.1

x(t− 1)

 =

 0 1
−1 −0.5

x(t). (1.42)

The state evolution is summarized in Table 1.4.

Table 1.4: State Evolution for Asymptotically Stable System

Time (T ) t = 0 t = 1T t = 2T t = 3T t = 4T

x1(t) 1.00 0.70 0.45 0.30 0.20
x2(t) 0.00 0.40 0.25 0.15 0.10

Interpretation: The trajectories of x1(t) and x2(t) display continuous decay over time. After

four periods, both state variables have reduced to less than 20% of their initial values. This

indicates asymptotic stability: the system returns to equilibrium as t → ∞, regardless of

small initial perturbations.
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• Summary Comparison at t = 4T

Table 1.5: Comparison of States at t = 4T

System Type x1(4T ) x2(4T )

Unstable (Divergent) 15.60 22.50
Asymptotically Stable 0.20 0.10

• Graphical Representation
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Figure 1.3: State evolution for both systems up to t = 4T .

Example 1.23. Analysis of a Series RLC Circuit Using Matrix Exponential We
study the second-order differential equation of a series RLC circuit:

L
d2q

dt2
+R

dq

dt
+

1
C
q = 0 (1.43)

Given the parameters:
R = 2 Ω, L = 1H, C = 0.5F

The system can be written in state-space form:

d

dt

q
i

 = A

q
i

 , A =

 0 1
−2 −2

 (1.44)

The eigenvalues of matrix A are:
λ1,2 = −1 ± i
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Thus, the solution using matrix exponential is:

eAt = e−t

cos t+ sin t sin t
−2 sin t cos t− sin t


For the initial conditions q(0) = 1C, i(0) = 0A, the solution becomes:

q(t) = e−t(cos t+ sin t), i(t) = −2e−t sin t

Numerical Results The following table shows the computed values for selected time instants:

t q(t) i(t)

0 1.0000 0.0000
π

2 0.2070 −0.8580

π −0.0432 0.0000
2π 0.0018 0.0037

Graphical Representation
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Example 1.24. Analysis of a Series RLC Circuit with Time Delay We consider the
following delay differential equation model:

d

dt

q(t)
i(t)

 = A

q(t)
i(t)

+B

q(t− τ )

i(t− τ )

 (1.45)
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where:

A =

 0 1
−2 −2

 , B =

0 0
0 −1

 , τ = 1 second.

The system includes a discrete time-delay affecting the current i(t). Initial History Function
We assume constant history for t ∈ [−1, 0]:

q(t) = 1, i(t) = 0.

Numerical Solution Since the system includes a time-delay term, no closed-form solution
exists in terms of classical matrix exponential. The solution is approximated numerically (for
example using DDE solvers like dde23 in MATLAB).

Computed Numerical Values

t q(t) i(t)

0 1.0000 0.0000
0.5 0.6975 −0.5827
1.0 0.2894 −0.8414
1.5 −0.0687 −0.6803
2.0 −0.2950 −0.2171
3.0 −0.1290 0.3321
4.0 0.2120 0.3157
5.0 0.3614 −0.0134

Stability Analysis Without delay (B = 0), the eigenvalues of matrix A are:

λ1,2 = −1 ± i

which lie in the left-half complex plane. The system is therefore asymptotically stable in the
classical sense.
However, introducing time-delay may destabilize the system. The presence of the delayed feedback
term makes the system stability depend on both delay size τ and feedback strength α.
For this case (τ = 1, α = −1): Numerical simulation shows damped oscillations without
divergence. Therefore, the system is still delay-dependent asymptotically stable for
the given delay. A more rigorous analytical stability assessment would require characteristic
quasipolynomial analysis:

det
(
λI −A−Be−λτ

)
= 0
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which may be analyzed using the Lambert W function or Nyquist-type methods.

Graphical Representation
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Periodicity and stability in neutral non- linear differ-
ential equations

2.1 Introduction

Neutral-type differential equations represent a significant class of functional differential
equations that incorporate delays not only in the state variables but also in their derivatives.
This feature makes them particularly well-suited for modeling complex dynamical systems
where memory effects and time delays critically influence the system’s behavior. Such systems
commonly arise in various engineering fields, including control theory, population dynamics,
and notably, the analysis of electrical power transmission lines. Power transmission lines
are inherently distributed parameter systems where signal propagation delays and dynamic
feedback effects cannot be neglected. The presence of these delays and their influence on system
stability call for mathematical models that go beyond classical ordinary differential equations.
Neutral-type differential equations provide a rigorous framework to describe these phenomena
accurately, capturing both the instantaneous and delayed effects on the system’s evolution.
In this chapter, we present important research published in the form of two articles. This
study focuses on establishing sufficient conditions for the existence and stability of solutions to
a class of neutral-type differential equations with time-varying delays. By utilizing powerful
mathematical tools such as fixed-point theorems (particularly Krasnoselskii’s theorem) and
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48 Periodicity and stability in neutral non- linear differential equations

Lyapunov-based methods, this study also aims to develop a solid theoretical foundation that
ensures well-posedness and asymptotic stability of these systems. The theoretical insights gained
here have practical implications for the design and stability analysis of power transmission
systems, where ensuring reliable operation under varying load conditions and delay effects is
critical. By better understanding the solution behavior of neutral-type models, engineers can
devise control strategies that mitigate instability risks and improve overall system resilience.

In 2010, Ding and Li [19] studied a nonlinear neutral functional differential equation
derived from a power transmission line model. By applying Krasnoselskii’s fixed point theorem,
they established sufficient conditions for the existence of asymptotically periodic solutions for
this class of equations. This study was motivated by the challenges encountered in analyzing
integrated electronic circuits (see 2.1), which consist of transmission lines with losses and
nonlinear resistive loads exhibiting exponential voltage-current characteristics. In addition, the
authors corrected one of the results presented in [V.G. Angelov [2], Lossy transmission lines
terminated by R-loads with exponential V–I characteristics, Nonlinear Anal. RWA 8 (2007)
579–589]. As an application, they demonstrated the existence of periodic oscillations along
the line when the load is a q–n diode. We particularly emphasize that this study primarily
focuses on the simplified electrical transmission line circuit illustrated in Figure 2.1 (see 2.1),
which consists of a periodic source E(κ) with resistance R0, a capacitor C0, and a nonlinear
element characterized by the i = Γ(u) relationship. Through analyzing this circuit, the research
provides significant theoretical and practical contributions to understanding transmission line
behavior. Building upon prior work by researchers such as Brayton (1966-1967) and Angelov
(2007) see [2] ,

Figure 2.1: Fundamental circuit.
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2.2 Existence of periodic solutions 49

the study enhances stability conditions using the Lyapunov functional method while elim-
inating certain constraints present in previous studies. The application of Krasnoselskii’s fixed
point theorem to analyze the differential equations derived from the circuit model enabled the
demonstration of stable periodic solutions in previously unaddressed cases.

Ding and Li [19] discussed the existence and stability of periodic solutions for the following
neutral functional differential equation

Problem (DL):
d

dκu(κ) − r
d

dκu(κ − ς)

= r(κ) − au(κ) − aru(κ − ς) − cΓ(u(κ)) + crΓ(u(κ − ς)). (2.1)

In 2017, Mansouri et al. [31] studied the nonlinear neutral functional differential equation
with variable delay

Problem (MAD):
d

dκu(κ) − r(κ) d
dκ£(u(κ − ς(κ)))

= r(κ) − a(κ)u(κ) − a(κ)r(κ)£(u(κ − ς(κ)))

− c(κ)Γ(u(κ)) + c(κ)r(κ)Γ(u(κ − ς(κ))). (2.2)

These results extend previous work in [19]. The chapter is organized as: Section 2 proves
existence of periodic solutions, Section 3 studies asymptotic stability, and Section 4 presents
practical applications.

2.2 Existence of periodic solutions

In this section, we use the following notation:

• C1(R) denotes the space of all continuously differentiable functions ϕ : R → R

• C(R) denotes the space of all continuous functions ϕ : R → R

• Cω = {ϕ ∈ C(R) | ϕ(κ + ω) = ϕ(κ)} equipped with the supremum norm ∥ · ∥0

• C1
ω = C1(R) ∩Cω equipped with the norm ∥ϕ∥1 = ∥ϕ∥0 + ∥ϕ′∥0 on a periodic interval.
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50 Periodicity and stability in neutral non- linear differential equations

2.2.1 Problem(DL)

We will use the following fundamental results:

Lemma 2.1. If a ̸= 0 and Γ ∈ Cω, then the scalar differential equation

x′(κ) = ax(κ) + Γ(κ)

has a unique ω-periodic solution given by

x(κ) = (1 − eaω)−1
∫ κ+ω

κ
ea(κ+ω−s)Γ(s)ds.

Proof. The proof is standard and can be found in many ordinary differential equations textbooks.

Theorem 2.1. [19] Suppose Γ ∈ C1(R) and q ∈ C1
T . If there exists a constant H > 0 such that

sup|u|≤H |Γ(u)|
H

<
a

c
, (2.3)

and

|r| <
1 − c

a

sup|u|≤H |Γ(u)|
H

3 + c
a

sup|u|≤H |Γ(u)|
H

and ∥q∥0 < (1 − 3|r|)aH − c(1 + |r|) sup
|u|≤H

|Γ(u)|, (2.4)

then equation (2.1) has a T -periodic solution.

Proof. From conditions (2.3) and (2.4), we can find L > 0 sufficiently small to satisfy(1
a
+ 2L

)
∥q∥0 + 3|r|H + 4aL|r|H +

(
c

a
+ 2L

)
(1 + |r|) sup

|u|≤H
|Γ(u)| ≤ H. (2.5)

Define the change of variables:

v(κ) = u(Lκ), µ =
ς

L
, q(Lκ) = q1(κ), ω =

T

L
.

Then Eq. (2.1) transforms to:

v′(κ)− qv′(κ −µ) = Lp1(κ)− aLv(κ)− aLqv(κ −µ)− bLf(v(κ)) + bLqf(v(κ −µ)), (2.6)

where q1(κ) ∈ C1
ω with ∥q∥0 = ∥q1∥0. Let:

S = {ϕ ∈ C1(R) | ∥ϕ∥1 = ∥ϕ∥0 + ∥ϕ′∥0 < ∞},

M = {ϕ ∈ C1
ω | ∥ϕ∥1 ≤ H}.
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2.2 Existence of periodic solutions 51

Then M is a bounded closed convex subset of the Banach space S. For ϕ ∈ M, consider the
nonhomogeneous equation:

v′(κ) = −aLv(κ) + Lq1(κ) − aLrϕ(κ − µ)

− cLΓ(ϕ(κ)) + cLrΓ(ϕ(κ − µ)) + rϕ′(κ − µ). (2.7)

By Lemma (2.1), this has a unique ω-periodic solution:

v(κ) = (1 − e−aLω)−1
∫ κ+ω

κ
e−aL(κ+ω−s) ·

[
Lq1(s) − aLrϕ(s− µ) − cLΓ(ϕ(s))

+ cLrΓ(ϕ(s− µ)) + rϕ′(s− µ)
]
ds.

Define operators A and B by:

(Aϕ)(κ) = (1 − e−aLω)−1
∫ κ+ω

κ
e−aL(κ+ω−s)

[
Lq1(s) − 2aLrϕ(s− µ)

− cLΓ(ϕ(s)) + cLrΓ(ϕ(s− µ))
]
ds,

(Bϕ)(κ) = rϕ(κ − µ).

Verifying that A and B satisfy the conditions of Theorem (1.5) shows there exists ϕ ∈ M

such that ϕ = Aϕ+ Bϕ, which is an ω-periodic solution of (2.7). Since u(Lκ) = v(κ) and
q(Lκ) = q1(κ), Eq. (2.1) has a T -periodic solution.

Remark 2.1. If q(κ) is a nonconstant periodic function, then Eq. (2.1) has a nonconstant
periodic solution. Our approach provides a method to detect periodic oscillations along the
transmission line that differs from Lopes’ technique.

Remark 2.2. In [2], Angelov attempted to prove the existence of a T -periodic solution for
equation. (2.1) using the contraction mapping principle. However, the constructed map was not
a self-mapping. We resolve this issue by employing Krasnoselskii’s fixed point theorem instead.

Remark 2.3. For equation (2.1), where a = 1
Z0C0

and c = 1
C0

, we have a

c
=

1
Z0

. Thus, the
key condition in Theorem 2.1 requires the existence of H > 0 such that

sup
|u|≤H

|Γ(u)|
H

<
1
Z0

.

This inequality plays a crucial role in establishing the existence of periodic solutions.
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52 Periodicity and stability in neutral non- linear differential equations

2.2.2 Problem(MAD)

Since we are investigating the existence of periodic solutions for equation (2.2), it is natural to
impose the following periodicity conditions. The system parameters satisfy:

r(κ + T ) = r(κ), q(κ + T ) = q(κ), a(κ + T ) = a(κ), c(κ + T ) = c(κ),

ς(κ + T ) = ς(κ).

The nonlinear function £ : R → R satisfies:

1. Global Lipschitz condition: There exists k > 0 such that

|£(x) − £(y)| ≤ k∥x− y∥0 ∀x, y ∈ R (2.8)

2. Continuous differentiability: £ ∈ C1(R) with ∥£′∥0 = l1

Lemma 2.2. [Periodic Solution of Linear Equation] If a(κ) ̸= 0 for all κandΓ ∈ Cω,
then the scalar differential equation

x′(κ) + a(κ)x(κ) = Γ(κ) (2.9)

has a unique ω-periodic solution given by

x(κ) =
(

1 − e−
∫ κ+ω

κ a(u)du
)−1 ∫ κ+ω

κ
e−
∫ κ+ω

s
a(u)duΓ(s)ds. (2.10)

Proof. This result can be found in standard ODE references.

Using Lemmas (2.2) and Theorem (1.5), we establish the existence of periodic solutions for
equation (2.2). Through an appropriate time-scaling transformation with parameter l > 0, we
consider the equivalent equation:

d

dt
v(κ) − lr1(κ)

d

dt
£(v(κ − τ (κ)))

= lq1(κ) − la1(κ)v(κ) − la1(κ)r1(κ)£(v(κ − τ (κ)))

− lc1(κ)Γ(v(κ)) + lc1(κ)r1(κ)Γ(v(κ − τ (κ))) (2.11)

with the scaling transformations:

v(κ) = u(lκ), τ (κ) = ς(lκ)
l

, r1(κ) = r(lκ),

q1(κ) = q(lκ), a1(κ) = a(lκ), c1(κ) = c(lκ),ω =
T

l
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2.2 Existence of periodic solutions 53

Theorem 2.2. [Existence of Periodic Solutions [31]] Assume the following conditions
hold: Γ ∈ C1(R) with Lipschitz constant k for £

r1, q1, a1, c1 ∈ C1
ω with ∥r′

1∥ = β

The delay satisfies ∥1 − τ ′(κ)∥ = l2

If there exist constants ρ ∈ (0, 1) and H > 0 such that:

lk (∥r1∥0(1 + l2H) + β) ≤ ρ (2.12)

sup
|u|≤H

|Γ(u)| < θ1H − θ3
k∥c1∥0

(2.13)

∥r1∥0 <
θ1 −

(
3 + ∥c1∥0 sup|u|≤H |Γ(u)|

H

)
θ2 +

∥c1∥0 sup|u|≤H |Γ(u)|
H

(2.14)

and the norm condition:

∥q1∥0 < (θ1 − θ2∥r1∥0)H − ∥c1∥0(1 + ∥r1∥0) sup
|u|≤H

|Γ(u)| − θ3 (2.15)

where the parameters are defined as:

θ1 =
1
l − kβ

1 + αωM(1 + l∥a1∥0)

θ2 =
k+ l1l2

1 + αωM(1 + l∥a1∥0)
+ 2k∥a2∥0

θ3 =
(∥r1∥0 + β)|£(0)|

1 + αωM(1 + l∥a1∥0)
+ 2∥a2∥0∥r1∥0|£(0)|

2a2(s)r1(s) = (l+ 1)a1(s)r1(s) + r′
1(s)

M = sup
κ∈R

∣∣∣∣∣
∫ κ+ω

κ
e
∫ κ+ω

s
la1(u)duds

∣∣∣∣∣
α =

(
1 − e−

∫ κ+ω

κ la1(u)du
)−1

Then equation (2.2) admits a T -periodic solution.
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54 Periodicity and stability in neutral non- linear differential equations

2.3 Asymptotic stability of the equilibrium and periodic

solutions

2.3.1 Problem(DL)

When the source E(κ) is constant and the equation q− a(1 + r)u = c(1 − r)Γ(u) has a unique
solution u∗, then u∗ is the equilibrium of Eq. (2.1). In this case, Eq. (2.1) can be transformed
into:

u′(κ) − ru′(κ − ς) = −au(κ) − aru(κ − ς) − c£(u(κ)) + cr£(u(κ − ς)), (2.16)

where quad £(u) = Γ(u+ u∗) − Γ(u∗) satisfies £(0) = 0.
We now examine the stability of the zero solution for Eq. (2.16). First, we recall the following
lemma from the literature:

Lemma 2.3 (Theorem 5.2 in [21], p. 281) .Suppose:

• D is stable,

• D,L : C → Rn are linear and continuous operators,

• The zero solution of the neutral functional differential equation (NFDE)(D,L)
asymptotically stable.

If F ,G : C → Rn are continuous with their first derivatives Fϕ,Gϕ, and satisfy:

• F (0) = G(0) = 0,

• Fϕ(0) = Gϕ(0) = 0,

• G(ϕ) is independent of ϕ(0),

then the zero solution of the equation

d

dt
[Dxκ −G(xκ)] = Lxκ + F (xκ), κ ≥ σ (2.17)

is exponentially asymptotically stable.

Theorem 2.3. [19] Suppose £ ∈ C1(R) satisfies a locally Lipschitz condition with £(0) = 0.
Then the zero solution of Eq. (2.16) is exponentially asymptotically stable.
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2.3 Asymptotic stability of the equilibrium and periodic solutions 55

Proof. For any ϕ ∈ C = C([−ς, 0]; R), define the operators:

Dϕ = ϕ(0) − rϕ(−ς),

Lϕ = −aϕ(0) − aqϕ(−ς),

Fϕ = −c£(ϕ(0)) + cr£(ϕ(−ς)).

Here D is stable, and both D and L are linear continuous operators. Consider the equation
d

dt
Duκ = Luκ and define the Lyapunov functional:

V (ϕ) = (Dϕ)2 + 2ar2
∫ 0

−r
ϕ2(θ)dθ.

The derivative of V along solutions satisfies:

V̇ (ϕ) = 2(Dϕ)(−aϕ(0) − aqϕ(−ς)) + 2ar2(ϕ2(0) − ϕ2(−ς))

= −2a(1 − ς2)ϕ2(0) ≤ 0.

By Theorem 8.1 in [[21], P. 293], the zero solution of

u′(κ) − qu′(κ − ς) = −au(κ) − aqu(κ − ς)

is uniformly asymptotically stable.
Moreover, the Fréchet derivative of Γis : Fϕu = −cg′(ϕ(0))u(0)+ crg′(ϕ(−ς))u(−ς), so F (0) =
Fϕ(0) = 0. Since £is locally Lipschitz and £(0) = 0, all conditions of Lemma (2.3) are satisfied.
Therefore, the zero solution of Eq. (2.16) is exponentially asymptotically stable.

Assume that the source depicted in Fig(2.1) is a T -periodic function E(κ), and that the
assumptions of Theorem (2.1) are satisfied. Under these conditions, Eq.(2.16) admits a T -
periodic solution denoted by u∗(κ). Introducing the change of variables v(κ) = u(κ) − u∗(κ),
Eq.(2.16) can be rewritten in the form:

v′(κ) − rv′(κ − ς) = −av(κ) − arv(κ − ς) − cT
(

Γ
(
v(κ) + u∗(κ)

)
− Γ

(
u∗(κ)

))
+ cr

(
Γ
(
v(κ − ς) + u∗(κ − ς)

)
− Γ

(
u∗(κ − ς)

))
. (2.18)

It is evident that v(κ) = 0 is a solution of Eq.(2.18). Our objective now is to prove that this
zero solution is asymptotically stable. To this end, we apply Krasnoselskii’s fixed point theorem.
We define the space S as the Banach space of bounded continuous functions φ : [−r, ∞) → R,
equipped with the supremum norm ∥ · ∥. Furthermore, for a given initial function φ, we define
its norm by

∥φ∥ = sup
κ∈[−r,0]

|φ(κ)|,

which should not lead to confusion with the supremum norm defined on the entire space S.
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56 Periodicity and stability in neutral non- linear differential equations

Theorem 2.4. [19] Assume all conditions of Theorem (2.1) are satisfied and Γ is locally
Lipschitz. If there exists Q > H such that:

c

a
sup

|x|≤H+Q
|Γ(x)| < Q−H, (2.19)

and the following inequalities hold:

|r| <
Q−H − c

a sup
|x|≤H+Q

|Γ(x)|

3Q+H + c
a sup

|x|≤H+Q
|Γ(x)|

, (2.20)

∥ψ∥ ≤
Q− 3|r|Q− (1 + |r|)H − c

a sup
|x|≤H+Q

|Γ(x)|

1 + |r|
, (2.21)

then the solution v(κ) of Eq. (2.16) satisfies v(κ) → 0 as κ → ∞.

Proof Continued. From conditions (2.19) and (2.20), we derive the key inequality:

3|r|Q+ (1 + |r|)∥ψ∥ + (1 + |r|)H +
c

a
(1 + |r|) sup

|x|≤H+Q
|Γ(x)| ≤ Q. (2.22)

Given the initial function ψ, there exists a unique solution vψ(κ) to Eq. (2.18). Define the set:

Mψ = {ϕ ∈ S | ∥ϕ∥ ≤ Q, ϕ0 = ψ, |ϕ(κ)| → 0 as κ → ∞},

which is a bounded, convex, closed subset of S. Rewriting Eq. (2.18) in integrated form:

v(κ) = [ψ(0) − rψ(κ − ς)]e−aκ + qv(κ − ς)

+
∫ κ

0

[
− 2aqv(s− ς) − c

(
Γ(v(s) + u∗(s)) − Γ(u∗(s))

)
+ bq

(
Γ(v(s− ς) + u∗(s− ς)) − Γ(u∗(s− ς))

)]
e−a(κ−s)ds.

(2.23)

Define operators A and c on Mψ by:

(Aϕ)(κ) =



0, κ ∈ [−ς, 0]∫ κ

0

[
− 2aqϕ(s− ς) − c

(
Γ(ϕ(s) + u∗(s)) − Γ(u∗(s))

)
+cr

(
Γ(ϕ(s− ς) + u∗(s− r)) − Γ(u∗(s− ς))

)]
e−a(κ−s)ds, κ ≥ 0

(Bϕ)(κ) =


ψ(κ), κ ∈ [−ς, 0]

[ψ(0) − rψ(−ς)]e−aκ + rϕ(κ − ς), κ ≥ 0

Applying Krasnoselskii’s fixed point theorem. Thus, there exists ϕ ∈ Mψ such that (A+B)ϕ =

ϕ, which is a solution of (2.18). By uniqueness, vψ(κ) = ϕ(κ) → 0 as κ → ∞.
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Theorem 2.5. Assume Γ satisfies the locally Lipschitz condition, and the constants H from
Theorem 2.1 and Q from Theorem 2.4 exist. If there exists P > 0 such that

|Γ(v(κ) + u∗(κ)) − Γ(u∗(κ))| < P |v(κ)|, (2.24)

and the stability condition
1 − 3|r| − c

a
(1 + |r|)P > 0 (2.25)

holds, then the zero solution of Eq. (2.18) is stable.

Proof. Given the solution ϕ satisfying the integral equation:

ϕ(κ) = [ψ(0) − rψ(−ς)]e−at + rϕ(κ − ς) +
∫ κ

0
G(s,ϕ)e−a(κ−s)ds,

where
G(s,ϕ) = −2aqϕ(s− ς) − c

[
Γ(ϕ(s) + u∗(s)) − Γ(u∗(s))

]
+ cq

[
Γ(ϕ(s− ς) + u∗(s− ς)) − Γ(u∗(s− ς))

]
we estimate the norm:

∥ϕ∥ ≤ (1 + |r|)∥ψ∥ + |r|∥ϕ∥ + 1
a
[2a|r|∥ϕ∥ + c(1 + |r|)P∥ϕ∥][

1 − 3|r| − c

a
(1 + |r|)P

]
∥ϕ∥ ≤ (1 + |r|)∥ψ∥

For any ϵ > 0, choose δ =
ϵ[1 − 3|r| − c

a(1 + |r|)P ]
1 + |r|

. Then ∥ψ∥ < δ implies:

∥ϕ∥ ≤ 1 + |r|
1 − 3|r| − c

a(1 + |r|)P
δ = ϵ,

proving stability of the zero solution.

2.3.2 Problem(MAD)

Let u∗(κ) be a periodic equilibrium solution of (2.2). Consider the perturbation v(κ) =

u(κ) − u∗(κ), which transforms (2.2) into:

d

dt
v(κ) − r(κ) d

dt

(
£(v(κ − ς(κ)) + u∗(κ − ς(κ))) − £(u∗(κ − ς(κ)))

)
= −a(κ)v(κ) − a(κ)r(κ)

(
£(v(κ − ς(κ)) + u∗(κ − ς(κ))) − £(u∗(κ − ς(κ)))

)
− c(κ)

(
Γ(v(κ) + u∗(κ)) − Γ(u∗(κ))

)
+ c(κ)r(κ)

(
Γ(v(κ − ς(κ)) + u∗(κ − ς(κ))) − Γ(u∗(κ − ς(κ)))

)
(2.26)
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58 Periodicity and stability in neutral non- linear differential equations

The zero solution v ≡ 0 corresponds to the periodic solution u∗ of the original system. We
establish asymptotic stability using the following setup:

• Function Space: Let S be the Banach space of bounded continuous functions ϕ :

[m(0), ∞) → R equipped with the supremum norm ∥ · ∥, where m(0) = inf{κ − r(κ) |
κ ≥ 0}.

• Initial Conditions: For initial data ψ ∈ C([m(0), 0], R), we define ∥ψ∥ = sup
κ∈[m(0),0]

|ψ(κ)|.

Theorem 2.6. [31] Assume all conditions of Theorem (2.2) hold

Γ satisfies a local Lipschitz condition with constant k

The integral condition:
∫ κ

0
a(u)du > 0 and e−

∫ κ
0 a(u)du → 0 as κ → ∞

The delay condition: κ − r(κ) → ∞ as κ → ∞

The norm constraint: k∥r∥ < 1

If there exists R > H such that:

∥c∥ sup
|u|≤H+R

|Γ(u)| <
(1
δ

− kβ
)
R− (2kβ + θ1)H − θ3 (2.27)

∥r∥ <
(1 − kδβ)R− 2kδβH − δ∥c∥ sup|u|≤H+R |Γ(u)| − δ(θ1H + θ3)

(2δ∥a∥ + 1)kR+ 4kδ∥a∥H + δ∥c∥ sup|u|≤H+R |Γ(u)| + δ(θ1H + θ3)
(2.28)

and the initial data satisfies:

∥ψ∥ ≤ 1
1 + k∥r∥



R
(

1 − kδ(2∥a∥∥r∥ + β) − k∥r∥
)

− 2kδ(2∥a∥∥r∥ + β)H

− δ∥c∥(1 + ∥r∥) sup
|u|≤H+R

|Γ(u)|

− δ(1 + ∥r∥)(θ1H + θ3)


(2.29)

where δ satisfies:

sup
κ≥0

∣∣∣∣∫ κ

0
e
∫ κ

−s
a(u)duds

∣∣∣∣ ≤ δ

then the solution v(κ) of (2.26) satisfies limκ→∞ v(κ) = 0.
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Stability Analysis The functions Γ and £ satisfy the locally Lipschitz condition, H (from
Theorem 2.2) and R (from Theorem 2.6) exist. There exist constants P , k > 0 such that for all
κ:

|Γ(v(κ) + u∗(κ)) − Γ(u∗(κ))| ≤ P |v(κ)|,

|£(v(κ) + u∗(κ)) − £(u∗(κ))| ≤ k|v(κ)|.

The function φ satisfies the integral equation:

φ(κ) =
(
ψ(0) − r(0)

(
£(ψ(−ς(0)) + u∗(−ς(0))) − £(u∗(−ς(0)))

))
e−
∫ κ

0 a(u)du

+ r(κ)
(
£(φ(κ − ς(κ)) + u∗(κ − ς(κ))) − £(u∗(κ − ς(κ)))

)
+
∫ κ

0
e−
∫ κ

s
a(u)du

[
−
(
2a(s)r(s) + r′(s)

)(
£(φ(s− ς(s))

+ u∗(s− ς(s))) − £(u∗(s− ς(s)))
)

− c(s)
(

Γ(φ(s) + u∗(s)) − Γ(u∗(s))
)

+ c(s)r(s)
(

Γ(φ(s− ς(s)) + u∗(s− ς(s))) − Γ(u∗(s− ς(s)))
)]
ds.

(2.30)

Lemma 2.4. The following norm inequality holds:

∥φ∥ ≤ (1 + k∥r∥)∥ψ∥ + k∥r∥∥φ∥ + δ
[
k(2∥a∥∥r∥ + β)∥φ∥ + ∥c∥(1 + ∥r∥)P∥φ∥

]
. (2.31)

Equivalently,[
1 − k∥r∥ − δk(2∥a∥∥r∥ + β) − δ∥c∥(1 + ∥r∥)P

]
∥φ∥ ≤ (1 + k∥r∥)∥ψ∥. (2.32)

Theorem 2.7 (Stability of the Zero Solution). if P and k satisfy:

1 − k∥r∥ − δk(2∥a∥∥r∥ + β) − δ∥c∥(1 + ∥r∥)P > 0, (2.33)

then for every ϵ > 0, there exists σ > 0 such that:

∥ψ∥ < σ =⇒ |φ(κ)| < ϵ ∀κ ≥ m(0).

That is, the zero solution of (2.26) satisfies is stable.

2.4 Application

Consider a nonlinear load consisting of a r-n junction diode, a common component in integrated
electronic circuits. The voltage-current (V -I) characteristic of an ideal diode is given by:

i(u) = I0

(
e

u
αkT0 − 1

)
, (2.34)

where:
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60 Periodicity and stability in neutral non- linear differential equations

• T0 is the temperature (in Kelvin)

• α is an adjustment factor (α = 1 for germanium, α ≈ 2 for silicon)

• k = 8.620 × 10−5 eV/K (Boltzmann’s constant)

• I0 is the reverse saturation current

The temperature-dependent I0 follows:

I0 = K0T
2+η
0 e−V£/(αkT0), (2.35)

where:

• K0 is a proportionality constant

• V£ is the energy gap (0.67 eV for germanium, 1.11 eV for silicon)

• η is a correction factor (η = 1 for germanium, η = 0.75 for silicon)

Silicon Diode Case Study For a silicon diode at T0 = 300 K with I0 = 10−8 A, the
characteristic becomes:

i(u) = 10−8
(
e19.33u − 1

)
. (2.36)

The system parameters are:

• r =
Z0 −R0

A2(Z0 +R0)

• c

a
=

1
Z0

≥ 0.005 (typical Z0 ≤ 200 Ω)

Existence of Periodic Solutions The nonlinearity satisfies:

lim
u→0+

Γ(u)
u

= 1.933 × 10−7 <
1
Z0

. (2.37)

Thus, there exists H > 0 satisfying condition (2.3). When r and q(κ) satisfy (2.4), Theorem
2.1 guarantees the existence of a T -periodic solution for Eq. (2.1). The asymptotic stability of
the periodic solution can be determined using:

• Theorem 2.4 for convergence to zero

• Theorem 2.5 for stability conditions
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Investigation of the periodicity and stability in the
delay functional neutral systems

This study investigates the stability and existence of periodic solutions in neutral differ-
ential systems with time delays and variable coefficients. Utilizing Krasnoselskii’s fixed point
theorem, we demonstrate a set of sufficient conditions ensuring the existences of such a periodic
solution. This involves transforming the system into an equivalent integral form before applying
the fundamental matrix solutions alongside Floquet theory. In addition, we will analyze the
asymptotic stability of these solutions, thus establishing new conditions that can ensure stability.
The practical relevance of our theoretical results is supported through numerical examples,
validating the proposed approach, and highlighting its suitability in areas such as electrical
circuits, control systems, and biological modeling. The present study extends previous work
and thereby offers a detailed framework intended for use in studying neutral differential systems
where time delays are present.

keywords Mathematical Model; Neutral Differential Systems; Periodic Solutions; Asymptotic
Stability; Fixed Point Method
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62 Investigation of the periodicity and stability in the delay functional neutral systems

3.1 Introduction

In 2020, Guerfi and Ardjouni [20] examined a neutral differential system with constant
delay:

d

dκu(κ) − r
d

dκu(κ − ς)

= Q(κ) + N (κ)u(κ) + N (κ)ru(κ − ς) − cΓ(u(κ)) + crΓ(u(κ − ς)). (3.1)

By using the fundamental matrix solution and Floquet theory, the authors converted the
differential system into an integral system, making it suitable for the application of Krasnoselskii’s
theory. This approach provided a more comprehensive framework for analyzing periodic solutions
in neutral systems.

Here, see [10] we analyze the following general neutral differential system, focusing on the
asymptotic stability with the existence of its periodic solution:

d

dκu(κ) − r(κ) d
dκ£(u(κ − ς(κ))) = Q(κ) + N (κ)u(κ)

+ N (κ)r(κ)£(u(κ − ς(κ))) − c(κ)Γ(u(κ)) + c(κ)r(κ)Γ(u(κ − ς(κ))), (3.2)

here ς is a positive idifferentiable ifunction, c and r are continuously and twic continuously
differentiable. Moreover, the non-singular matrix i.e., n× n regard to continuous real value
function is denoted by N ,Q, £, and Γ are assumed to be continuously differentiable functions.

The Krasnoselskii’s fixed point theory is used on system (3.2) to demonstrate the sufficient
condition for the stability and existence of periodic solution. This work extends and generalizes
the findings of Ding, Li, Mansouri, Ardjouni, Djoudi, Guerfi, iproviding a imore icomprehensive
iframework for analyzing neutral differential systems with variable coefficients and delays.

The work is structured as follows: Section 2 explores the existence of periodic solution
by transforming the neutral differential system into an equivalent integral system using the
fundamental matrix solution and Floquet theory. Section 3 discusses the asymptotic-stability of
equilibrium and periodic solution by applying Krasnoselskii’s theorem to confirm the asymptotic-
stability of trivial solution. Additionally, we present sufficient condition to ensure the stability
of non-constant periodic solution. Practical examples are included to analyze the utility of the
theoretical result, with particular emphasis on applications in electrical engineering and control
systems.
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3.2 Existence of periodic solutions 63

The overall goal of this study is to further the understanding of transmission line problems,
especially in how these problems relate to neutral differential equations and systems. As such,
we provide new conditions intended to guarantee the stability and existence of periodic solution.
These condition is more general and applicable to a wider range of systems than those previously
established in the literature. It is anticipated that these findings will help to improve the
understanding of dynamical systems with time delays, enhancing their applicability in a variety
of scenarios across both science and engineering.

3.2 Existence of periodic solutions

3.2.1 Existence results

Throughout this section, we use C1(iR, iRn) and C(iR, iRn) to represent the spaces of continuous
idifferentiable and icontinuous function ϑ : iR → iRn. For any 0 < T , we define

CT = {ϑ ∈ C(iR, iRn) | ϑ(κ + T ) = ϑ(κ)},

Under the supremum norm which forms a Banach space:

∥ϑ∥0 = sup
κ∈R

|ϑ(κ)| = sup
κ∈[0,T ]

|ϑ(κ)|,

For x ∈ Rn, in which |.| indicates the infinite-norm. Furthermore, we denote CT ∩ C1(R, Rn) as
C1
T , which constitutes a iBanach ispace equipped with the given norm

∥ϑ∥1 = ∥ϑ∥0 + ∥ϑ′∥0,

over one iperiod iinterval. For n× n real matrix N with the norm |N |∗ = max
1≤i≤n

 n∑
j=1

|aij |


and ∥N ∥∗ = sup

κ∈[0,T ]
|N |∗. It is also consider that N (κ + T ) = N (κ), Q(κ + T ) = Q(κ),

r(κ + T ) = r(κ), c(κ + T ) = c(κ) and ς(κ + T ) = ς(κ). In addition, the function £ is
assumed to demonstrate global Lipschitz continuity, requiring that one can determine a positive
constant l that follows the condition |£(x) − £(y)| ≤ l |x− y|, implying that

∥∥∥£′
∥∥∥

0
= γ1.

To facilitate analysis, it can be assumed that L denotes a positive constant exhibiting a
sufficiently small value. Given this assumption, the system (3.2) can be rewritten as

d

dκv(κ) − r1(κ)
d

dκ£(v(κ − ℘(κ))

= LQ1(κ) + LN1(κ)v(κ) + LN1(κ)r1(κ)£(v(κ − ℘(κ))

− Lc1(κ)Γ(v(κ)) + Lc1(κ)r1(κ)Γ(v(κ − ℘(κ))), (3.3)
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64 Investigation of the periodicity and stability in the delay functional neutral systems

here v(κ) = u(Lκ), ℘(κ) = ς(Lκ)
L

, r1(κ) = r(Lκ), Q1(κ) = Q(Lκ), N1(κ) = N (Lκ),

c1(κ) = c(Lκ) and ℓ =
T

L
.

To begin, we start with the following definition:

Definition 3.1. Let N1 denote a periodic matrix where the period is given by ℓ = T

L
. The below

y′(κ) = LN1(κ)y(κ), (3.4)

is called non-critical with regard to ℓ. In the trivial case y = 0, a periodic solution exits with a
period ℓ.

In all this work, we considered that the given system (3.4) satisfies the noncritical condition.
A few known properties are summarized from [18] below. For this, we define the basic matrix Υ

of (3.4), with Υ(0) = I with I denoting the identity matrix n× n. With these definitions:
(a) detΥ(κ) ̸= 0.
(b) According to Floquet theory, a matrix B must exist that satisfies Υ(κ + ℓ) = Υ(κ)eBℓ.
(c) System (3.4) satisfies the noncritical condition ⇐⇒ det(I − Υ(ℓ)) ̸= 0.

Lemma 3.1 ([20]). Let us take the given below equation

y′ (κ) = LN1 (κ) y (κ) + g (κ) . (3.5)

Given that g ∈ Cℓ, and that the matrix LN1 has a period of ℓ, then

y (κ) = Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s) g (s) ds,

is a unique ℓ -iperiodic isolution of (3.5).

Proof. Since K(κ)Υ−1(κ) = I, it follows that

0 =
d

dκ
[
Υ(κ)Υ−1(κ)

]
=

d

dκ (Υ(κ))Υ−1(κ) + Υ(κ) d
dκ

[
Υ−1(κ)

]
= (LN1(κ)Υ(κ))Υ−1(κ) + Υ(κ) d

dκ
[
Υ−1(κ)

]
= LN1(κ) + Υ(κ) d

dκ
[
Υ−1(κ)

]
.

This implies
d

dκ
[
Υ−1(κ)

]
= −Υ−1(κ)LN1(κ). (3.6)
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If x is a solution of (3.5) with y(0) = y0, then
d

dκ
[
Υ−1(κ)y(κ)

]
=

d

dκ
[
Υ−1(κ)

]
y(κ) + Υ−1(κ) d

dκy(κ)

= −Υ−1(κ)LN1(κ)y(κ) + Υ−1(κ) [LN1(κ)y(κ) + g(κ)]

= Υ−1(κ)g(κ),

by (3.6). An integration of the above equation from 0 to κ yields

y(κ) = Υ(κ)y(0) + Υ(κ)
∫ κ

0
Υ−1(s)g(s)ds. (3.7)

Since y(ℓ) = y0 = y(0), we get

y(0) = (I − Υ(ℓ))−1
∫ ℓ

0
Υ(ℓ)Υ−1(s)g(s)ds. (3.8)

A substitution of (3.8) into (3.7) yields

y(κ) = Υ(κ)(I − Υ(ℓ))−1
∫ ℓ

0
Υ(ℓ)Υ−1(s)g(s)ds+ Υ(κ)

∫ κ

0
Υ−1(s)g(s)ds. (3.9)

Since
(I − Υ(ℓ))−1 =

[
Υ(ℓ)

(
Υ−1(ℓ) − I

)]−1
=
(

Υ−1(ℓ) − I
)−1

Υ−1(ℓ),

(3.9) becomes

y(κ) = Υ(κ)
(

Υ−1(ℓ) − I
)−1 ∫ ℓ

0
Υ−1(s)g(s)ds+ Υ(κ)

∫ κ

0
Υ−1(s)g(s)ds

= Υ(κ)
(

Υ−1(ℓ) − I
)−1

[∫ ℓ

0
Υ−1(s)g(s)ds+ Υ−1(ℓ)

∫ κ

0
Υ−1(s)g(s)ds−

∫ κ

0
Υ−1(s)g(s)ds

]

= Υ(κ)
(

Υ−1(ℓ) − I
)−1

[∫ ℓ

κ
Υ−1(s)g(s)ds+ Υ−1(ℓ)

∫ κ

0
Υ−1(s)g(s)ds

]
.

By letting s = µ− ℓ, the above expression implies

y(κ)

= Υ(κ)
(

Υ−1(ℓ) − I
)−1

{∫ ℓ

κ
Υ−1(s)g(s)ds+ Υ−1(ℓ)

∫ κ+ℓ

ℓ
Υ−1(µ− ℓ)g(µ− ℓ)dµ

}
. (3.10)

By (b) we have Υ(κ − ℓ) = Υ(κ)e−Bℓ and Υ(ℓ) = eBℓ. Hence,

Υ−1(ℓ)Υ−1(µ− ℓ) = Υ−1(µ).

Consequently, (3.10) becomes

y(κ) = Υ(κ)
(

Υ−1(ℓ) − I
)−1

{∫ ℓ

κ
Υ−1(s)g(s)ds+

∫ κ+ℓ

ℓ
Υ−1(s)g(s)ds

}
.
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66 Investigation of the periodicity and stability in the delay functional neutral systems

Theorem 3.1 (Krasnoselskii’s fixed point theorem [13]). We define D to represent a
inonempty, iconvex, alongside closed isubset, within a iBanach ispace (E, ∥.∥). Here, mappings
𭟋 and S transform D into E, and furthermore satisfy the following conditions:

(i) 𭟋s+ Sκ ∈ D, ∀κ, s ∈ D,

(ii) 𭟋 exhibits continuity, and 𭟋D is contain in a icompact iset,

(iii) S represents a icontraction as characterized by a constant ϵ < 1.
Given these conditions, an x ∈ D will satisfy x = 𭟋x+ Sx.

Lemma 3.1 and Theorem 3.1 serve as the basis to ensure the existence of periodic solution
of (3.2).

Theorem 3.2. Assuming that Γ ∈ C1(Rn, Rn), Q1 ∈ C1
ℓ (R, Rn), N1 ∈ C1

ℓ (R, Rn × Rn),
c1 ∈ C1

ℓ (R, R) and r1 ∈ C2
ℓ (R, R), suppose that

∥∥∥r′
1
∥∥∥ = δ1,

∥∥∥r′′
1
∥∥∥ = δ2 and

∥∥∥1 − ℘′ (κ)
∥∥∥ = γ2.

If a constant ρ ∈ [0, 1] and D > 0 exist such that:

l (∥r1∥ (1 + γ2D) + δ1) ≤ ρ, (3.11)

η2δ1 (1 + η1) < D, (3.12)

sup
∥u∥≤D

|Γ (u)| <
D− η2δ1 (1 + η1)

Lη1 ∥c1∥
, (3.13)

∥r1∥ <
D− η2δ1 (1 + η1) − Lη1 ∥c1∥ sup∥u∥≤D |Γ (u)|

γ1γ2D+ η2 (1 + 2Lη1 ∥N1∥∗) + Lη1 ∥c1∥ sup∥u∥≤D |Γ (u)|
, (3.14)

and

∥Q1∥0 <

[
(1 − γ1γ2 ∥r1∥)D− (δ1 + ∥r1∥) η2 − (2L ∥N1∥∗ ∥r1∥ + δ1) η1η2

Lη1

−
Lη1 ∥c1∥ (1 + ∥r1∥) sup∥u∥≤D |Γ (u)|

Lη1

]
, (3.15)

where η1 = 1 + (1 + L ∥N1∥∗) µℓ, η2 = lD+ |£ (0)| and

µ = sup
κ∈[0,ℓ]

(
sup

κ≤s≤κ+ℓ

∣∣∣∣[Υ (s)
(

Υ−1 (ℓ) − I
)

Υ−1 (κ)
]−1∣∣∣∣

∗

)
.

This implies that there is a T -periodic solution of (3.2).
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Proof. By the condition (3.15), we obtain

Lη1 ∥Q1∥0 + γ1γ2 ∥r1∥D+ (δ1 + ∥r1∥) η2 + (2L ∥N1∥∗ ∥r1∥ + δ1) η1η2

+ Lη1 ∥c1∥ (1 + ∥r1∥) sup
∥u∥≤D

|Γ (u)|

≤ Lη1[
(1 − γ1γ2 ∥r1∥)D− (δ1 + ∥r1∥) η2 − (2L ∥N1∥∗ ∥r1∥ + δ1) η1η2

Lη1

−
Lη1 ∥c1∥ (1 + ∥r1∥) sup∥u∥≤D |Γ (u)|

Lη1
] + γ1γ2 ∥r1∥D+ (δ1 + ∥r1∥) η2

+ (2L ∥N1∥∗ ∥r1∥ + δ1) η1η2 + Lη1 ∥c1∥ (1 + ∥r1∥) sup
∥u∥≤D

|Γ (u)|

= D. (3.16)

We will show that there exists a ℓ-periodic solution of (3.3). Assume

S =
{
ϑ ∈ C1(R, Rn), ∥ϑ∥1 = ∥ϑ∥0 +

∥∥∥ϑ′
∥∥∥

0
< +∞

}
,

and assume the following bounded and closed convex set

M =
{
ϑ ∈ C1

ℓ , ∥ϑ∥1 < D
}

,

of the Banach space S. For every ϑ ∈ M, suppose we have the system

d

dκv(κ) = LN1(κ)v(κ) + LQ1(κ) + LN1(κ)r1(κ)£(v(κ − ℘(κ)))

− Lc1(κ)Γ(v(κ)) + Lc1(κ)r1(κ)Γ(v(κ − ℘(κ))) − r1(κ)
d

dκ£(v(κ − ℘(κ)))

= LN1(κ)v(κ) + g (κ) ,

with

g (κ) = LQ1(κ) + LN1(κ)r1(κ)L(v(κ − ℘(κ))) − Lc1(κ)Γ(v(κ))

+ Lc1(κ)r1(κ)Γ(v(κ − ℘(κ))) − r1(κ)
d

dκ£(v(κ − ℘(κ))).

By using Lemma 3.1, there is a unique ℓ-periodic isolution of ithis isystem of the iform:

v(κ) = Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s) [LQ1(s) + LN1(s)r1(s)£(v(s− ℘(s)))

−Lc1(s)Γ(v(s)) + Lc1(s)r1(s)Γ(v(s− ℘(s))) − r1(s)
∂

∂s
£(v(s− ℘(s)))

]
ds. (3.17)

As Υ−1(κ + ℓ) = e−BℓΥ−1(κ), this implies that

Υ−1(κ + ℓ) − Υ−1(κ) = e−BℓΥ−1(κ) − Υ−1(κ) =
(

Υ−1 (ℓ) − I
)

Υ−1(κ). (3.18)
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Also
d

dκΥ−1(κ) = −Υ−1(κ)LN1(κ), (3.19)

now, (3.18) and (3.19) into (3.17) implies

Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s) r1(s)

∂

∂s
£(v(s− ℘(s)))ds

= r1(κ)£(v(κ − ℘(κ))) − Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ

[
Υ−1 (s)

∂

∂s
r1(s)

−r1(s)Υ−1 (s)LN1(s)
]

£(v(s− ℘(s)))ds

= Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s)

[
LN1(s)q1(s) − q′

1(s)
]

£(v(s− ℘(s)))ds

+ r1(κ)£(v(κ − ℘(κ))).

Therefore

v(κ) = Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s)

[
LQ1(s)

+
(
2LN1(s)r1(s) − r′

1(s)
)

£(v(s− ℘(s)))

− Lc1(s)Γ(v(s)) + Lc1(s)r1(s)Γ(v(s− ℘(s)))
]
ds

+ r1(κ)£(v(κ − ℘(κ))).

Here, we introduce A1 and B1 operators as

(A1ϑ) (κ) = Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s) [LQ1(s) + (2LN1(s)r1(s)

−r′
1(s))£(ϑ(s− ℘(s))) − Lc1(s)Γ(ϑ(s)) + Lc1(s)r1(s)Γ(ϑ(s− ℘(s)))

]
ds,

and

(B1ϑ) (κ) = r1(κ)£(v(κ − ℘(κ))).

To establish the existence of an ℓ-periodic solution for (3.3), it is necessary to verify that A1

and B1 fulfill the conditions of Theorem 3.1. We define x (κ + ℓ) = x (κ), y (κ + ℓ) = y (κ)
and ∥x∥1 ≤ D, ∥y∥1 ≤ D for x, y ∈ M. Next, we will investigate A1x+ B1y. We have

(A1x) (κ + ℓ) = Υ (κ + ℓ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+2ℓ

κ+ℓ
Υ−1 (s) [LQ1(s) + (2LN1(s)r1(s)

−r′
1(s))£(x(s− ℘(s))) − Lc1(s)Γ(x(s)) + Lc1(s)r1(s)Γ(x(s− ℘(s)))

]
ds.
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Taking s = µ+ ℓ, then, we have the following from the above:

(A1x) (κ + ℓ) = Υ (κ + ℓ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+2ℓ

κ+ℓ
Υ−1 (µ+ ℓ) [LQ1(µ+ ℓ)

+ (2LN1(µ+ ℓ)r1(µ+ ℓ) − r′
1(µ+ ℓ))£(x(µ+ ℓ− ℘(µ+ ℓ)))

− Lc1(µ+ ℓ)Γ(x(µ+ ℓ)) + Lc1(µ+ ℓ)r1(µ+ ℓ)Γ(x(µ+ ℓ− ℘(µ+ ℓ)))dµ]

= Υ (κ + ℓ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (µ+ ℓ) [LQ1(µ) + (2LN1(µ)r1(µ)

−r′
1(µ))£(x(µ− ℘(µ))) − Lc1(µ)Γ(x(µ)) + Lc1(µ)r1(µ)Γ(x(µ− ℘(µ)))

]
dµ.

Here, through (b), we obtained

Υ (κ + ℓ)
(

Υ−1 (ℓ) − I
)−1

Υ−1 (µ+ ℓ)

= Υ (κ + ℓ)
(

Υ−1 (ℓ) − I
)−1

e−BℓΥ−1 (µ)

= Υ (κ + ℓ)
[
eBℓ

(
Υ−1 (ℓ) − I

)]−1
Υ−1 (µ)

= Υ (κ) eBℓ (I − Υ (ℓ))−1 Υ−1 (µ)

= Υ (κ)
[
(I − Υ (ℓ)) e−Bℓ

]−1
Υ−1 (µ)

= Υ (κ)
(

Υ−1 (ℓ) − I
)−1

Υ−1 (µ) .

As a result of the above, we have the following

(A1x) (κ + ℓ) = Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s) [LQ1(s) + (2LN1(s)r1(s)

−r′
1(s))£(x(s− ℘(s))) − Lc1(s)Γ(x(s)) + Lc1(s)r1(s)Γ(x(s− ℘(s)))

]
ds

= (A1x) (κ) ,

and

(B1y) (κ + ℓ) = r1(κ + ℓ)£(y(κ + ℓ− ℘(κ + ℓ)))

= r1(κ)£(y(κ − ℘(κ)))

= (B1y) (κ) ,

thus (A1x+ B1y) (κ + ℓ) = (A1x+ B1y)(κ). We also obtained

(A1x)
′ (κ) = Υ′ (κ)

(
Υ−1 (ℓ) − I

)−1 ∫ κ+ℓ

κ
Υ−1 (s) [LQ1(s) + (2LN1(s)r1(s)

−r′
1(s))£(x(s− ℘(s))) − Lc1(s)Γ(x(s)) + Lc1r1(s)Γ(x(s− ℘(s)))

]
ds

+Υ (κ)
(

Υ−1 (ℓ) − I
)−1 [

Υ−1 (κ + ℓ) − Υ−1 (κ)
]
[LQ1(κ)

+
(
2LN1(κ)r1(κ) − r′

1(κ)
)

£(x(κ − ℘(κ))) − Lc1(κ)Γ(x(κ))

+ Lc1(κ)r1(κ)Γ(x(κ − ℘(κ)))] . (3.20)

Univ - Annaba Department of Mathematics Anis Bouhnik



70 Investigation of the periodicity and stability in the delay functional neutral systems

Since

Υ′(κ) = LN1(κ)Υ(κ), (3.21)

with Υ−1 (κ + ℓ) = e−BℓΥ−1 (κ) and

Υ−1(κ + ℓ) − Υ−1(κ) = e−BℓΥ−1(κ) − Υ−1(κ) =
(

Υ−1 (ℓ) − I
)

Υ−1(κ). (3.22)

From (3.20), (3.21) and (3.22), we have

(A1x)
′ (κ) = LN1(κ) (A1x) (κ) + LQ1(κ)

+
(
2LN1(κ)r1(κ) − r′

1(κ)
)

£(x(κ − ℘(κ))) − Lc1(κ)Γ(x(κ))

+Lc1(κ)r1(κ)Γ(x(κ − ℘(κ)))| .

Thus, ∥A1x∥1 = ∥A1x∥0 +
∥∥∥(A1x)

′∥∥∥
0

with

∥A1x∥0 = sup
κ∈[0,ℓ]

∣∣∣∣∣Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s)

[
LQ1(s) +

(
2LM1(t)q1(t) − q′

1(t)
)

× g(x(t− τ (t))) −Lb1(t)f(x(t)) + Lb1(t)q1(t)f(x(t− τ (t)))] ds|

≤ σω

L ∥P1∥0 + (2L ∥M1∥∗ ∥q1∥ + β1) θ2 + L ∥b1∥ (1 + ∥q1∥) sup
∥u∥≤H

|f (u)|

 .

Where η2 = lD+ |£ (0)| and

∥∥∥(A1x)
′∥∥∥

0
= sup

κ∈[0,ℓ]
|LN1(κ) (A1x) (κ) + LQ1(κ)

+
(
2LN1(κ)r1(κ) − r′

1(κ)
)

£(x(κ − ℘(κ))) − Lc1(κ)Γ(x(κ))

+ Lc1(κ)r1(κ)Γ(x(κ − ℘(κ)))|

≤ L ∥N1∥∗ ∥A1x∥0 + L ∥Q1∥0 + (2L ∥N1∥∗ ∥r1∥ + δ1) η2

+L ∥c1∥ (1 + ∥r1∥) sup
∥u∥≤D

|Γ (u)| .

Then

∥A1x∥1 ≤ η1

L ∥Q1∥0 + (2L ∥N1∥∗ ∥r1∥ + δ1) η2 + L ∥c1∥ (1 + ∥r1∥) sup
∥u∥≤D

|Γ (u)|

 .

Where η1 = 1 + (1 + L ∥N1∥∗) µℓ and

(B1y)
′ (κ) = r′

1(κ)£(y(κ − ℘(κ))) + r1(κ)
(
1 − ℘′(κ)

)
y′(κ − ℘(κ))£′(y(κ − ℘(κ))).
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Thus

∥B1y∥1 = ∥B1y∥0 +
∥∥∥(B1y)

′∥∥∥
0

≤ (δ1 + ∥r1∥) η2 + γ1γ2 ∥r1∥D.

Therefore

∥A1x+ B1y∥1 ≤ ∥A1x∥1 + ∥B1y∥1

≤η1

L ∥Q1∥0 + (2L ∥N1∥∗ ∥r1∥ + δ1) η2 + L ∥c1∥ (1 + ∥r1∥) sup
∥u∥≤D

|Γ (u)|


+ (δ1 + ∥r1∥) η2 + γ1γ2 ∥r1∥D

= Lη1 ∥Q1∥0 + γ1γ2 ∥r1∥D+ (δ1 + ∥r1∥) η2 + (2L ∥N1∥∗ ∥r1∥ + δ1) η1η2

+ Lη1 ∥c1∥ (1 + ∥r1∥) sup
∥u∥≤D

|Γ (u)| .

By (3.16), it follows that ∥A1x+ B1y∥1 ≤ D. Consequently, we have A1x+ B1y ∈ M.

For all x+ y ∈ M, the following inequalities hold:

∥A1x∥0 ≤ D, and
∥∥∥(A1x)

′∥∥∥
0

≤ D.

By the Ascoli Arzela Lemma, the subset A1M of Cℓ is pre-compact. Thus, for any sub-sequence
{xn} in M, ∃ a further sub-sequence {xnk

} such that A1xnk
→ x0 ∈ C1

ℓ as k → +∞.
Therefore, we obtain

(A1x)
′′ (κ) = LN ′

1(κ) (A1x) (κ) + LN1(κ) (A1x)
′ (κ) + LQ′

1(κ)

+
(
2LN ′

1(κ)r1(κ) + 2LN1(κ)r′
1(κ) − r′′

1(κ)
)

£(x(κ − ℘(κ)))

+
(
2LN1(κ)r1(κ) − r′

1(κ)
) (

1 − ℘′(κ)
)
x′(κ − ℘(κ))£′(x(κ − ℘(κ)))

− L
[
c′1(κ)Γ(x(κ)) + c1(κ)x′ (κ) Γ′(x(κ))

]
+ L

[
c′1(κ)r1(κ) + c1(κ)r′

1(κ)
]

Γ(x(κ − ℘(κ)))

+ Lc1(κ)r1(κ)
(
1 − ℘′(κ)

)
x′(κ − ℘(κ))Γ′(x(κ − ℘(κ))).
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Thus

sup
t∈[0,ℓ]

∣∣∣(A1x)
′′ (κ)

∣∣∣ ≤ L
∥∥∥N ′

1
∥∥∥

∗
∥A1x∥0 + L ∥N1∥∗

∥∥∥(A1x)
′∥∥∥

0
+ L

∥∥∥Q′
1
∥∥∥

0

+
(
2L

∥∥∥N ′
1
∥∥∥

∗
∥r1∥ + 2L ∥N1∥∗ δ1 + δ2

)
η2

+ (2L ∥N1∥∗ ∥r1∥ + δ1) γ2
∥∥∥x′
∥∥∥

0
γ1

+ L

∥∥∥c′1∥∥∥ sup
∥u∥≤D

|Γ (u)| + ∥c1∥
∥∥∥x′
∥∥∥

0
sup

∥u∥≤D

∣∣∣Γ′ (u)
∣∣∣


+ L
(∥∥∥c′1∥∥∥ ∥r1∥ + ∥c1∥ δ1

)
sup

∥u∥≤D
|Γ (u)|

+ L ∥Q1∥0 ∥r1∥ γ2
∥∥∥x′
∥∥∥

0
sup

∥u∥≤D

∣∣∣Γ′ (u)
∣∣∣

= L
∥∥∥N ′

1
∥∥∥

∗
D+ L ∥N1∥∗D+ L

∥∥∥Q′
1
∥∥∥

0

+
(
2L

∥∥∥N ′
1
∥∥∥

∗
∥r1∥ + 2L ∥N1∥∗ δ1 + δ2

)
η2

+ (2L ∥N1∥∗ ∥r1∥ + δ1) γ2Dγ1

+ L

∥∥∥c′1∥∥∥ sup
∥u∥≤D

|Γ (u)| + ∥c1∥D sup
∥u∥≤D

∣∣∣Γ′ (u)
∣∣∣


+ L
(∥∥∥c′1∥∥∥ ∥r1∥ + ∥c1∥ δ1

)
sup

∥u∥≤D
|Γ (u)|

+ L ∥Q1∥0 ∥r1∥ γ2D sup
∥u∥≤D

∣∣∣Γ′ (u)
∣∣∣

= D1.

Thus, one can find a constant D1 > 0 in a way that

sup
κ∈[0,ℓ]

∣∣∣(A1x)
′′ (κ)

∣∣∣ ≤ D1 and
{
(A1x)

′ : x ∈ M
}

⊂ Cℓ

By the Ascoli Arzela Lemma, the sequence {xnk
} has a sub-sequence, denoted again for

isimplicity as i{xnk
}, such that (A1xnk)

′ → z0 ∈ Cℓ. Since the differentiation operator d

dκ is
closed, it follows that z0 = (x0)

′ . Thus, we conclude that x0 ∈ C1
ℓ and that the sequence {A1xn}

is contain within a icompact iset. Consequently, A1 is a icompact ioperator. Consider that
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{xn} ⊂ M, x ∈ S, xn → x, then ∥xn − x∥0 → 0 and
∥∥∥x′

n − x′
∥∥∥

0
→ 0 as n → +∞,then one have

∥A1xn − A1x∥0 = sup
κ∈[0,ℓ]

∣∣∣∣∣Υ (κ)
(

Υ−1 (ℓ) − I
)−1 ∫ κ+ℓ

κ
Υ−1 (s) [

(
2LN1(s)r1(s) − r′

1(s)
)

× (£(xn(s− ℘(s))) − £(x(s− ℘(s)))) − Lc1(s)(Γ(xn(s)) − Γ(x(s)))

+Lc1(s)r1(s)(Γ(xn(s− ℘(s))) − Γ(x(s− ℘(s)))] ds|

≤ µℓ [(2L ∥N1∥∗ ∥r1∥ + δ1) l |xn (κ) − x (κ)|

+L ∥c1∥ (1 + ∥r1∥) sup
κ∈[0,ℓ]

|Γ (xn (κ)) − Γ (x (κ))|
 ,

and ∥∥∥(A1xn)
′ − (A1x)

′∥∥∥
0
= sup

κ∈[0,ℓ]

∣∣∣∣∣LN1(κ) ((A1xn) (κ) − (A1x) (κ))

+
(
2LN1(κ)r1(κ) − r′

1(κ)
)

× (£(xn(κ − ℘(κ))) − £(x(κ − ℘(κ))))

− Lc1(κ) (Γ(xn(κ)) − Γ(x(κ)))

+ Lc1(κ)r1(κ) (Γ(xn(κ − ℘(κ))) − Γ(x(κ − ℘(κ))))
∣∣∣∣∣

≤ L ∥N1∥∗ ∥A1xn − A1x∥0

+ (2L ∥N1∥∗ ∥r1∥ + δ1) l |xn (κ) − x (κ)|

+ L ∥c1∥ (1 + ∥r1∥) sup
κ∈[0,ℓ]

|Γ (xn (κ)) − Γ (x (κ))|

= (1 + L ∥N1∥∗ µℓ)

[
(2L ∥N1∥∗ ∥r1∥ + δ1) l |xn (κ) − x (κ)|

+ L ∥c1∥ (1 + ∥r1∥) sup
κ∈[0,ℓ]

|Γ (xn (κ)) − Γ (x (κ))|
]
.

When ∥xn − x∥1 → 0 as n → +∞, |xn (κ) − x (κ)| for κ ∈ [0, ℓ] uniformly. From the
continuity of Γ, we have ∥A1xn − A1x∥0 → 0,

∥∥∥(A1xn)
′ − (A1x)

′∥∥∥
0

→ 0, as a result of this, A1

is continuous
For all x, y ∈ M, we have

∥B1x− B1y∥1 = ∥B1x− B1y∥0 +
∥∥∥(B1x)

′ − (B1y)
′∥∥∥

0

≤ l ((1 + γ2D) ∥r1∥ + δ1) ∥x− y∥0

≤ ρ ∥x− y∥0

≤ ρ ∥x− y∥1 ,
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therefore B1 is a contraction operator. Thus, the conditions of Theorem 3.1 are satisfied and
there is a w ∈ M such that w = A1w + B1w. It is a ℓ-periodic solution for (3.3). Since
v(κ) = u(Lκ), Q1(κ) = Q(Lκ), N1(κ) = N (Lκ), r1(κ) = r(Lκ) and c1(κ) = c(Lκ),
then (3.2) has a T -periodic solution.

Remark 3.1. It is readily apparent that relation (3.2) reduces to form (3.1) in the special case
when the parameters are constant, i.e., when r(κ) = r, ς(κ) = ς, c(κ) = c and £(u(κ −
r(κ))) = u(κ − ς), yielding specific results concerning the existence of periodic solutions to
equation (3.1). This becomes clearly evident through the following theorem

For a sufficiently small positive L, (3.1) can be transformed as
d

dκv(κ) − r
d

dκv(κ − τ )

= LQ1(κ) + LN1(κ)v(κ) + LN1(κ)rv(κ − τ ) − LcΓ(v(κ)) + LcrΓ(v(κ − τ )),(3.23)

where v(κ) = u(Lκ), ℓ = T

L
, Q1(κ) = Q(Lκ), andN1(κ) = N (Lκ).

Let
S =

{
ϕ ∈ C1(R, Rn), ∥ϕ∥1 = ∥ϕ∥0 + ∥ϕ′∥0 < +∞

}
,

and
M =

{
ϕ ∈ C1

ℓ , ∥ϕ∥1 ≤ H
}

,

then M is a bounded closed convex set of the Banach space S.

Theorem 3.3 ([20]). Suppose that Γ ∈ C1(Rn) and Q1, N1 ∈ C1
ℓ . If there exists a constant

H > 0 such that
sup

|u|≤H
|Γ(u)|

H
<

1
(1 + (1 + L∥N1∥∗)µℓ)Lc

,

and that

|r| <
1 − (1 + (1 + L∥N1∥∗)µℓ)Lc

sup
|u|≤H

|Γ(u)|

H

1 + 2∥N1∥ ∗(1 + (1 + L∥N1∥∗)µℓ)L + (1 + (1 + L∥N1∥∗)µℓ)Lc

sup
|u|≤H

|Γ(u)|

H

,

and
∥Q1∥0 ≤ (1 − |r|)H

(1 + (1 + L∥N1∥∗)µℓ)L
− 2∥N1∥∗|r|H − c(1 + |r|) sup

|u|≤H
|Γ(u)|,

where ∥N1∥∗ = sup
t∈[0,ℓ]

|N1(κ)|∗ and

µ = sup
κ∈[0,ℓ]

(
sup

κ≤s≤κ+ℓ

∣∣∣[Υ(s) (Υ−1(ℓ) − I
)

Υ−1(κ)]−1
∣∣∣) .

Then (3.1) has a T -periodic solution
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3.2.2 Examples

Example 3.1. Consider the following neutral differential system

d

dκu(κ) − r
d

dκu(κ − ς)

= Q(κ) + N (κ)u(κ) + N (κ)ru(κ − ς) − cΓ(u(κ)) + crΓ(u(κ − ς)), (3.24)

where T = 2π, c = 1, r = 1
80 , ς = 2,

N (κ) =

 0 1
−1 1

 , Q(κ) =

 0
0.01 cos(κ)

 , Γ(u(κ)) =

 0
sin(u(κ))

 .

For L = 0.25, (3.24) can be transformed as

d

dκv(κ) − r
d

dκv(κ − τ )

= LQ1(κ) + LN1(κ)v(κ) + LN1(κ)rv(κ − τ ) − LcΓ(v(κ)) + LcrΓ(v(κ − τ )), (3.25)

where v(κ) = u(0.25κ), ℓ = 8π, τ = 8,

Q1(κ) =

 0
0.01 cos(0.25κ)

 , N1(κ) =

 0 1
−1 1

 .

Since the matrix N1 has eigenvalues with non-zero real parts, the system

d

dκv(κ) = LN1(κ)v(κ)

is noncritical. Let H = 30, then all conditions of Theorem 3.3 are satisfied and hence (3.24)
has a 2π-periodic solution.

Example 3.2. Consider the following neutral differential system

d

dt
u(κ) − r(κ) d

dκ£(u(κ − ς(κ))) = Q(κ) + N (κ)u(κ)

+ N (κ)r(κ)£(u(κ − ς(κ))) − c(κ)Γ(u(κ)) + c(κ)r(κ)Γ(u(κ − ς(κ))), (3.26)

where T = 2π, ς(κ) = 2 sin (κ) , r(κ) = 1
80 sin (κ) , c(κ) = sin (κ) ,

Q(κ) =


0.01 cos (κ)
0.05 sin (κ)
0.01 cos (κ)

 , N (κ) =


9
2

3
2 0

−3 0 0

−3
2 −3

2 3

 , Γ(u(κ)) =


0
0

sin (u(κ))

 ,
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and £(u(κ)) =


0
0

0.5 + 0.5 arctan (u(κ))

 . For a sufficiently small positive L = 0.25, (3.26)

can be transformed as

d

dκv(κ) − r1(κ)
d

dκ£(v(κ − ℘(κ))

= LQ1(κ) + LN1(κ)v(κ) + LN1(κ)r1(κ)£(v(κ − ℘(κ))

− Lc1(κ)Γ(v(κ)) + Lc1(κ)r1(κ)Γ(v(κ − ℘(κ))), (3.27)

where v(κ) = u(0.25κ), ℓ = T

L
= 8π, ℘(κ) = ς(0.25κ)

L
= 8 sin (0.25κ) ,

r1(κ) =
1

320 sin (0.25κ) , c1(κ) = sin (0.25κ) , Q1(κ) =


0.01 cos (0.25κ)
0.05 sin (0.25κ)
0.01 cos (0.25κ)

 ,

N1(κ) =


9
2

3
2 0

−3 0 0

−3
2 −3

2 3

 . We will calculate µ with

µ = sup
κ∈[0,ℓ]

(
sup

κ≤s≤κ+ℓ

∣∣∣∣[Υ (s)
(

Υ−1 (ℓ) − I
)

Υ−1 (κ)
]−1∣∣∣∣

∗

)

= sup
κ∈[0,8π]

(
sup

κ≤s≤κ+8π

∣∣∣∣[Υ (s)
(

Υ−1 (8π) − I
)

Υ−1 (κ)
]−1∣∣∣∣

∗

)
,

we have Υ (κ) = e

κ∫
0

N1(s)ds
= exp(κN1), where

N1(κ) =


9
2

3
2 0

−3 0 0

−3
2 −3

2 3

 = PBP−1 =


1 1 0

−2 −1 0
−1 −1 1




3
2 0 0

0 3 0
0 0 3




−1 −1 0
2 1 0
1 0 1

 ,

and therefore

Υ (κ) = e

κ∫
0

N1(s)ds
= exp(N1) =


1 1 0

−2 −1 0
−1 −1 1



e

3
2κ 0 0
0 e3κ 0
0 0 e3κ




−1 −1 0
2 1 0
1 0 1



=


2e3κ − e

3
2κ e3κ − e

3
2κ 0

2e
3
2κ − 2e3κ 2e

3
2κ − e3κ 0

e
3
2κ − e3κ e

3
2κ − e3κ e3κ

 ,
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and

Υ−1 (κ) =


−
(
e− 3

2κ − 2e−3κ
)

−
(
e− 3

2κ − e−3κκ) 0(
2e− 3

2κ − 2e−3κ
) (

2e− 3
2κ − e−3κ

)
0(

e− 3
2κ − e−3κ

) (
e− 3

2κ − e−3κ
)

e−3κ

 ,

for κ = ℓ = 8π,we obtain

Υ−1 (ℓ) = Υ−1 (8π) =


−4.241 2 × 10−17 −4.241 2 × 10−17 0
8.482 3 × 10−17 8.482 3 × 10−17 0
4.241 2 × 10−17 4.241 2 × 10−17 1.424 6 × 10−52



=


0 0 0
0 0 0
0 0 0

 ,

we find

[
Υ (s)

(
Υ−1 (8π) − I

)
Υ−1 (κ)

]−1

=


−1 −1 0
2 1 0
1 1 −1



e

3
2 (κ−s) 0 0

0 e3(κ−s) 0
0 0 e3(κ−s)




−1 −1 0
2 1 0
1 0 1

 .

Thus

sup
κ≤s≤κ+8π

∣∣∣∣[Υ (s)
(

Υ−1 (8π) − I
)

Υ−1 (κ)
]−1∣∣∣∣

∗
= 9,

then

µ = sup
κ∈[0,8π]

(
sup

κ≤s≤κ+8π

∣∣∣∣[Υ (s)
(

Υ−1 (8π) − I
)

Υ−1 (κ)
]−1∣∣∣∣

∗

)
= 9.

Knowing that ∥N1∥∗ = 6, ∥r1∥ =
1
80 , δ1 =

∥∥∥r′
1
∥∥∥ = 1

320 , γ2 =
∥∥∥1 − ℘′ (κ)

∥∥∥ = 3, |£ (0)| = 0.5,
l = 0.5 and therefore η1 = 566.5. The matrix N1 (κ) have eigenvalue with non-zero real
part, the systems d

dκv(κ) = LN1(κ)v(κ) is noncritical. Putting D = 8 and ρ = 0.16, then
all conditions of the above Theorem 3.2 are met; hence, the systems (3.26) has a 2π-periodic
solutions.
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3.3 Asymptotic stability of periodic solutions

In this section of the chaptre, we will discuss the stability of the periodic solution. Assuming
that condition of the above theorem 3.2 fulfill, then a T -periodic solution u∗ exists, representing
an equilibrium for (3.2). Defining v(κ) = u(κ) − u∗(κ), we transform (1.4) into

d

dκv(κ) − r(κ) d
dκ (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ)))))

= N (κ)v(κ) + N (κ)r(κ) (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))

− c(κ) (Γ (v (κ) + u∗ (κ)) − Γ(u∗(κ)))

+ c(κ)r(κ) (Γ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − Γ(u∗(κ − ℘(κ)))) . (3.28)

It is evident that iequation (3.28) iadmits the itrivial isolution. We now apply iKrasnoselskii’s
ifixed ipoint theorem to establish the iasymptotic istability of this trivial solution. Let S denote
the iBanach ispace of ibounded icontinuous functions ϑ : [m(0), ∞) → Rn equipped with the
isupremum inorm ∥ · ∥, where m(0) = inf{κ − ℘(κ) |,κ ≥ 0}. Additionally, for an initial
function Φ, we define its norm as ∥Φ∥ = sup

κ∈[m(0),0]
|Φ(κ)|, which, despite using the same

notation, should not be confused with the norm in S.

Proposition 3.1 ([18]). Assume the system

y′(κ) = N (κ)y(κ), (3.29)

where κ 7→ Θ(κ) is a fundamental matrix solution define on an open interval K. The state
transition matrix is given by Ψ(κ, ς) = Θ(κ)Θ−1(ς). The state transition matrix holds the
Chapman-Kolmogorov identity:

Ψ(ς, ς) = I, Ψ(κ, s)Ψ(s, ς) = Ψ(κ, ς).

Furthermore, it satisfies the following properties:

Ψ(κ, s)−1 = Ψ(s,κ), ∂

∂s
Ψ(κ, s) = −Ψ(κ, s)N (s).

Definition 3.2. (1). The itrivial isolution of (3.28) is considered stable if, for every 0 < ξ, ∃
a 0 < δ such that whenever an initial function Φ ∈ C([m(0), 0], Rn) with ∥Φ∥ < δ is given,
the icorresponding isolution x(κ, 0, Φ) of (3.28) holds |x(κ, 0, Φ)| < ξ for all κ ≥ 0.
(2). The trivial solution of (3.28) is iasymptotically istable if it is stable and ∃ a constant η > 0
such that for any initial function Φ : [m(0), 0] → Rn, Φ ∈ C([m(0), 0], Rn), with ∥Φ∥ < η,
the icorresponding solutions x(κ, 0, Φ) of (3.28) holds limκ→∞x(κ, 0, Φ) = 0.
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Theorem 3.4. If all the conditions of the above theorem 3.2 are holds and Γ fulfills the locally
Lipschitz condition with a Lipschitz constant R, then further consider that

Θ(κ) → 0 as κ → ∞, κ − ℘(κ) → ∞, (3.30)

and

l∥r∥ < 1. (3.31)

Moreover, suppose ∃ a constant ג > D in a manner that

λlδ1 < 1, (3.32)

(1 − λlδ1) ג > 2λlδ1D, (3.33)

sup
∥u∥≤D+ג

|Γ (u)| + sup
∥u∥≤D

|Γ (u)| < (1 − λlδ1) −ג 2λlδ1D

λ ∥c∥
, (3.34)

∥r∥ <
(1 − λlδ1) −ג 2λlδ1D− λ ∥c∥

(
sup∥u∥≤D+ג |Γ (u)| + sup∥u∥≤D |Γ (u)|

)
lג+ 2λl ∥N ∥∗ (2D+ (ג + λ ∥c∥

(
sup∥u∥≤D+ג |Γ (u)| + sup∥u∥≤D |Γ (u)|

) , (3.35)

and

∥Φ∥ <

[
(1 − l ∥r∥) −ג λl (2 ∥N ∥∗ ∥r∥ + δ1) (2D+ (ג

θ (1 + l ∥r∥)

−
r ∥c∥ (1 + ∥r∥)

(
sup∥v∥≤D+ג |Γ (v)| + sup∥v∥≤D |Γ (v)|

)
θ (1 + l ∥r∥)

 , (3.36)

where

θ = sup
κ≥0

|Ψ (κ, 0)|∗ and λ = sup
κ≥0

∣∣∣∣∣∣
κ∫

0
Ψ (κ, s) ds

∣∣∣∣∣∣
∗

. (3.37)

Therefore, the trivial solution of (3.28) iconverges toward the point zero as time approaches
infinity κ → ∞.

Proof. Based on the conditions expressed in (3.34), (3.35) and (3.36), the subsequent inequality
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holds:

θ (1 + l ∥r∥) ∥Φ∥ + l ∥r∥ +ג λl (2 ∥N ∥∗ ∥r∥ + δ1) (2D+ (ג

+ λ ∥c∥ (1 + ∥r∥)

 sup
∥v∥≤D+ג

|Γ (v)| + sup
∥v∥≤D

|Γ (v)|


≤ −ג l ∥r∥ −ג λl (2 ∥N ∥∗ ∥r∥ + δ1) (2D+ (ג

− λ ∥c∥ (1 + ∥r∥)

 sup
∥v∥≤D+ג

|Γ (v)| + sup
∥v∥≤D

|Γ (v)|


l ∥r∥ +ג λl (2 ∥N ∥∗ ∥r∥ + δ1) (2D+ (ג

+ λ ∥c∥ (1 + ∥r∥)

 sup
∥v∥≤D+ג

|Γ (v)| + sup
∥v∥≤D

|Γ (v)|


= .ג (3.38)

For a given initial function Φ, ∃ a unique solution v to the system (3.28). Assume

ℵΦ = {ϑ ∈ S, ∥ϑ∥ ≤ ,ג ϑ (κ) = Φ (κ) , if κ ∈ [m (0) , 0] , ϑ(κ) → 0 as κ → ∞} ,

Here, ℵΦ represents a iclosed iconvex bounded subset within the space S. Suppose v is any
solution to (3.28), express (3.28) in the given way:

d

dκ

[
v(κ) − r(κ)

(
£
(
v(κ − ℘(κ)) + u∗(κ − ℘(κ))

)
− £(u∗(κ − ℘(κ)))

)]
= N (κ)v(κ) +

(
N (κ)r(κ) − r′(κ)

)(
£
(
v(κ − ℘(κ)) + u∗(κ − ℘(κ))

)
− £(u∗(κ − ℘(κ)))

)
− c(κ)

(
Γ
(
v(κ) + u∗(κ)

)
− Γ(u∗(κ))

)
+ c(κ)r(κ)

(
Γ
(
v(κ − ℘(κ)) + u∗(κ − ℘(κ))

)
− Γ(u∗(κ − ℘(κ)))

)
.

Given that Θ is a fundamental matrix solutions of (3.29), we obtain:

d

dκ
{

Θ−1 (κ) [v(κ) − r(κ) (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))]
}

=

{
d

dκΘ−1 (κ)
}
[v(κ) − r(κ) (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))]

+ Θ−1 (κ) d

dκ [v(κ) − r(κ) (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))] .

Based on proposition 3.1, we have

d

dκΘ−1 (κ) = −Θ−1 (κ)N (κ) .
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Thus,

d

dκ
{

Θ−1 (κ) [v(κ) − r(κ) (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))]
}

= −Θ−1 (κ)N (κ) [v(κ) − r(κ) (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))]

+ Θ−1 (κ)
{
N (κ) v(κ) +

(
N (κ)r(κ) − r′(κ)

)
(£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ)))

−£(u∗(κ − ℘(κ)))) − c(κ) (Γ (v (κ) + u∗ (κ)) − Γ(u∗(κ))) + c(κ)r(κ)}

× (Γ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − Γ(u∗(κ − ℘(κ)))

= Θ−1 (κ)
{(

2N (κ)r(κ) − r′(κ)
)
(£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))

− c(κ) (Γ (v (κ) + u∗ (κ)) − Γ(u∗(κ))) + c(κ)r(κ)

(Γ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − Γ(u∗(κ − ℘(κ))))}

When both sides of the equation above are integrated from 0 to κ, the result is

Θ−1 (κ) [v(κ) − r(κ) (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))]

−Θ−1 (0) [v(0) − r(0) (£ (v (−℘(0)) + u∗ (−℘(0))) − £(u∗(−℘(0))))]

=

κ−1∫
0

Θ−1 (s)
{(

2N (s)r(s) − r′(s)
)
(£ (v (s− ℘(s)) + u∗ (s− ℘(s))) − £(u∗(s− ℘(s))))

−c(s) (Γ (v (s) + u∗ (s)) − Γ(u∗(s))) + c(s)r(s)(Γ((v (s− ℘(s))

+u∗ (s− ℘(s)) − Γ(u∗(s− ℘(s)))} ds, (3.39)

Multiplying the expression above by the matrix Θ (κ) and taking into account Proposition 3.1
with Θ (κ)Θ−1 (κ) = I, Θ (κ)Θ−1 (s) = Ψ (κ, s) and Θ (κ)Θ−1 (0) = Ψ (κ, 0), we get

v(κ) = Ψ(κ, 0)
[
Φ(0) − r(0)

(
£
(
v(−℘(0)) + u∗(−℘(0))

)
− £

(
u∗(−℘(0))

))]

+ r(κ)
(

£
(
v(κ − ℘(κ)) + u∗(κ − ℘(κ))

)
− £

(
u∗(κ − ℘(κ))

))
+
∫ κ

0
Ψ(κ, s)

{
(2N (s)r(s) − r′(s))

(
£
(
v(s− ℘(s)) + u∗(s− ℘(s))

)
− £

(
u∗(s− ℘(s))

))
− c(s)

(
Γ
(
v(s) + u∗(s)

)
− Γ

(
u∗(s)

))
+ c(s)r(s)

(
Γ
(
v(s− ℘(s)) + u∗(s− ℘(s))

)
− Γ

(
u∗(s− ℘(s))

))}
ds.

Now, considering v(κ) = Φ (κ) when κ ∈ [m (0) , 0] and for κ ≥ 0, it can be expressed as
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follows:

v(κ) = Ψ(κ, 0)
[
Φ(0) − r(0)

(
£
(

Φ(−℘(0)) + u∗(−℘(0))
)

− £
(
u∗(−℘(0))

))]
+ r(κ)

(
£
(
v(κ − ℘(κ)) + u∗(κ − ℘(κ))

)
− £

(
u∗(κ − ℘(κ))

))
+
∫ κ

0
Ψ(κ, s)

{(
2N (s)r(s) − r′(s)

)(
£
(
v(s− ℘(s)) + u∗(s− ℘(s))

)
− £

(
u∗(s− ℘(s))

))
− c(s)

(
Γ
(
v(s) + u∗(s)

)
− Γ

(
u∗(s)

))
+ c(s)r(s)

(
Γ
(
v(s− ℘(s)) + u∗(s− ℘(s))

)
− Γ

(
u∗(s− ℘(s))

))}
ds.

With all ϑ ∈ ℵΦ, introduce A2 and B2 operators as:

(A2ϑ)(κ) =



0, κ ∈ [m(0), 0],
∫ κ

0
Ψ(κ, s)

{
(2N (s)r(s) − r′(s))

(
£
(
ϑ(s− ℘(s)) + u∗(s− ℘(s))

)
−£

(
u∗(s− ℘(s))

))
− c(s)

(
Γ
(
ϑ(s) + u∗(s)

)
−Γ

(
u∗(s)

))
+ c(s)r(s)

(
Γ
(
ϑ(s− ℘(s))

+u∗(s− ℘(s))
)

− Γ
(
u∗(s− ℘(s))

))}
ds, κ ≥ 0

and

(B2ϑ) (κ) =


Φ (κ) , κ ∈ [m (0) , 0] ,
Ψ (κ, 0) [Φ(0) − r(0) (£ (Φ (−℘(0)) + u∗ (−℘(0))) − £(u∗(−℘(0))))]
+r(κ) (£ (ϑ (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ)))) , κ ≥ 0.

(i) Considering all x, y ∈ ℵΦ, x(κ) → 0 and x(κ) → 0 as κ → ∞, then Ψ (κ, 0) =

Θ (κ)Θ−1 (0) → 0 as κ → 0 hence,

(B2y)(κ) = Ψ(κ, 0)
[
Φ(0) − r(0)

(
£
(

Φ(−℘(0)) + u∗(−℘(0))
)

− £
(
u∗(−℘(0))

))]

+ r(κ)
(

£
(
y(κ − ℘(κ)) + u∗(κ − ℘(κ))

)
− £

(
u∗(κ − ℘(κ))

))
→ 0 as κ → ∞,

and
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lim
κ→+∞

(A2x)(κ) = lim
κ→+∞

Θ(κ)
∫ κ

0
Θ−1(s)

{(
2N (s)r(s) − r′(s)

)
×
[
£
(
x(s− ℘(s)) + u∗(s− ℘(s))

)
− £

(
u∗(s− ℘(s))

)]
− c(s)

(
Γ
(
x(s) + u∗(s)

)
− Γ

(
u∗(s)

))

+ c(s)r(s)
(

Γ
(
x(s− ℘(s)) + u∗(s− ℘(s))

)
− Γ

(
u∗(s− ℘(s))

))}
ds


= 0.

Then, as κ → +∞, we have (A2x+ B2y) (κ) converges to zero. Additionally:

∥A2x∥ = sup
κ≥m(0)

|(A2x)(κ)|

= sup
κ≥0

∣∣∣∣∣∣
∫ κ

0
Ψ(κ, s)

{
(2N (s)r(s) − r′(s))

(
£
(
x(s− ℘(s)) + u∗(s− ℘(s))

)
− £

(
u∗(s− ℘(s))

))
− c(s)

(
Γ
(
x(s) + u∗(s)

)
− Γ

(
u∗(s)

))

+ c(s)r(s)
(

Γ
(
x(s− ℘(s)) + u∗(s− ℘(s))

)
− Γ

(
u∗(s− ℘(s))

))}
ds

∣∣∣∣∣∣
≤

(2∥N ∥∗∥r∥ + ∥r′∥)
(

sup
∥v∥≤D+ג

|£(v)| + sup
∥v∥≤D

|£(v)|
)

+ ∥c∥(1 + ∥r∥)
(

sup
∥v∥≤D+ג

|Γ(v)| + sup
∥v∥≤D

|Γ(v)|
)

× sup
κ≥0

∣∣∣∣∣∣
∫ κ

0
Ψ(κ, s)ds

∣∣∣∣∣∣
∗

≤

l(2D+ N∥2)(ג ∥∗∥r∥ + δ1)

+ ∥c∥(1 + ∥r∥)
(

sup
∥v∥≤D+ג

|Γ(v)| + sup
∥v∥≤D

|Γ(v)|
),
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and

∥B2y∥ = sup
κ≥m(0)

|(B2y) (κ)|

= max

∥Φ∥ , sup
κ≥0

∣∣∣∣∣Ψ (κ, 0)
[
Φ(0) − r(0)

(
£ (Φ (−℘(0)) + u∗ (−℘(0)))

− £(u∗(−℘(0)))
)]

+ r(κ)
(

£ (y (κ − ℘(κ)) + u∗ (κ − ℘(κ)))

− £(u∗(κ − ℘(κ)))
)∣∣∣∣∣


≤ η (1 + l ∥r∥) ∥Φ∥ + l ∥r∥ .ג

From above,

∥A2x+ B2y∥ ≤ ∥A2x∥ + ∥B2y∥

≤ r

l (2D+ (ג (2 ∥N ∥∗ ∥r∥ + δ1)

+ ∥c∥ (1 + ∥r∥)
(

sup
∥v∥≤D+ג

|Γ (v)|

+ sup
∥v∥≤ג

|Γ (v)|
)

+ η (1 + l ∥r∥) ∥Φ∥ + l ∥r∥ .ג

By the condition as expressed in (3.38), we arrive at ∥A2x+ B2y∥ ≤ .ג This result ensures that
A2x+ B2y is an element of ℵΦ.
(ii) Given any x ∈ ℵΦ, we have that ∥x∥ ≤ ,ג and

∣∣∣(A2x)
′ (κ)

∣∣∣ = 0, κ ∈ [m (0) , 0] .
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Also for κ ≥ 0, using Θ′(κ) = N (κ)Θ(κ), and with Ψ (κ,κ) = I, it implies the given equation

(A2x)
′ (κ) = N (κ)

κ∫
0

Ψ (κ, s)
{(

2N (s)r(s) − r′(s)
)(

£ (ϑ (s− ℘(s)) + u∗ (s− ℘(s)))

− £ (u∗(s− ℘(s)))
)

− c(s)
(

Γ (x (s) + u∗ (s)) − Γ (u∗(s))
)

+ c(s)r(s)
(

Γ (x (s− ℘(s)) + u∗ (s− ℘(s))) − Γ (u∗(s− ℘(s)))
)}

ds

+
(
2N (κ)r(κ) − r′(κ)

) (
£ (x (κ − ℘(κ)) + u∗ (κ − ℘(κ)))

− £ (u∗(κ − ℘(κ)))
)

− c(κ)
(

Γ (x (κ) + u∗ (κ)) − Γ (u∗(κ))
)

+ c(κ)r(κ)
(

Γ (x (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − Γ (u∗(κ − ℘(κ)))
)

.

Thus, it implies the following
∣∣∣(A2x)

′ (κ)
∣∣∣ ≤ (1 + λ ∥N ∥∗) [(2 ∥N ∥∗ ∥r∥ + δ1) (2D+ (ג l

+ ∥c∥ (1 + ∥r∥)

 sup
∥v∥≤D+ג

|Γ (v)| + sup
∥v∥≤D

|Γ (v)|


= ,1ג

It is essential to note that the derivative of (A2x)
′ (κ) at zero is interpreted as the left-hand

derivative for 0 ≥ κ and as the right-hand derivative for 0 ≤ κ. Consequently, it follows that∣∣∣(A2x)
′ (κ)

∣∣∣ remains bounded for all x ∈ ℵΦ, implying that A2ℵΦ forms a precompact subset
of S. Therefore, we can conclude that A2 is compact.

Now, assume that {xn} ⊂ ℵΦ, with x ∈ S and xn → x as n → ∞, which implies that
|xn (κ) − x (κ)| → 0 uniformly for κ ≥ m(0) as n → ∞. Because

∥A2xn − A2x∥ = sup
κ≥0

∣∣∣∣∣∣
κ∫

0
Ψ (κ, s)

{(
2N (s)r(s) − r′(s)

)
[£ (xn (s− ℘(s)) + u∗ (s− ℘(s)))

−£ (x (s− ℘(s)) + u∗ (s− ℘(s)))] − c(s)[Γ (xn (s) + u∗ (s))

−Γ (x (s) + u∗ (s))] + c(s)r(s)[Γ (xn (s− ℘(s)) + u∗ (s− ℘(s)))

−Γ (x (s− ℘(s)) + u∗ (s− ℘(s)))]} ds|

≤ λ [(2 ∥N ∥∗ ∥r∥ + δ1) l+R ∥c∥ (1 + ∥r∥)] ∥xn − x∥ ,

coupled with the fact that Γ is continuous, it can be verified that ∥A2xn − A2x∥ → 0 as n → ∞
and subsequently we can show that A2 exhibits continuous behavior.
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(iii) For each x, y ∈ ℵΦ, it follows that

∥B2x− B2y∥ ≤ l ∥r∥ ∥x− y∥ ,

furthermore, recalling that ∥r∥ l < 1,it holds that B2 defines a contraction operator. Utilizing
Krasnoselskii’s fixed point theorem, there exists a function ϑ ∈ ℵΦ satisfying (A2 + B2) ϑ = ϑ,
making ϑ a valid solution of (3.28). Since the solution corresponding to Φ is unique, it follows
that v(κ) → 0 as κ → ∞.

Now we give an important result regarding the stability of the trivial solution, as expressed
in the subsequent theorem.

Theorem 3.5. If R and l satisfy

1 − l ∥r∥ − λ ((2 ∥N ∥∗ ∥r∥ + δ1) l+ ∥c∥ (1 + ∥r∥)R) > 0. (3.40)

Thus, (3.1) has stable trivial solution.

Proof. Assuming that Γ and £ meets the locally Lipschitz condition, D from Theorem 3.2 and
ג from Theorem 3.4 must exist, yielding constants R, l > 0 in a manner that

|Γ (v (κ) + u∗ (κ)) − Γ(u∗(κ))| < R |v (κ)| and |£ (v (κ) + u∗ (κ)) − £(u∗(κ))| < l |v (κ)| .

Given that ϑ fulfills

ϑ (κ) = Ψ (κ, 0) [Φ(0) − r(0) (£ (Φ (−℘(0)) + u∗ (−℘(0))) −H(u∗(−℘(0))))]

+r(κ) (£ (ϑ (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ)))) +
t∫

0
Ψ (κ, s)

×
{(

2N (s)r(s) − r′(s)
)
(H (ϑ (s− ℘(s)) + u∗ (s− ℘(s))) − £(u∗(s− ℘(s))))

−c(s) (Γ (v (s) + u∗ (s)) − Γ(u∗(s)))

+c(s)r(s) (Γ (ϑ (s− ℘(s)) + u∗ (s− ℘(s))) − Γ(u∗(s− ℘(s))))} ds,

then

∥ϑ∥ ≤ θ (1 + l ∥r∥) ∥Φ∥ + l ∥r∥ ∥ϑ∥ + λ [(2 ∥N ∥∗ ∥r∥ + δ1) l ∥ϑ∥ + ∥c∥ (1 + ∥r∥)R ∥ϑ∥] ,

that is

[1 − l ∥r∥ − λ ((2 ∥N ∥∗ ∥r∥ + δ1) l+ ∥c∥ (1 + ∥r∥)R)] ∥ϑ∥ ≤ θ (1 + l ∥r∥) ∥Φ∥ .

It is clear that there is a δ > 0 for any ξ > 0 in a way that |ϑ (κ)| < ξ for each κ ≥ m (0)
assuming ∥Φ∥ < δ, therefore the trivial solution of (3.28) exhibits stability.
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3.4 Application

In this section, we present a practical application that clearly and concretely illustrates
the main results obtained in this study, particularly those concerning the existence and stability
of periodic solutions for neutral differential systems with variable delays. This application aims
to highlight the theoretical and practical significance of these results, especially in addressing
problems related to electrical circuits and transmission lines, where such systems play a central
role in modeling and analysis. Through this application, we demonstrate how the analytical
methods employed in this work can be utilized to derive precise results that contribute to
a deeper understanding of these complex systems and pave the way for their application in
relevant practical contexts.

Example 3.3. Consider the isystem of neutral differential iequations

d

dκu(κ) − r(κ) d
dκ£(u(κ − ς(κ))) = Q(κ) + N (κ)u(κ)

+ N (κ)r(κ)£(u(κ − ς(κ))) − c(κ)Γ(u(κ)) + c(κ)r(κ)Γ(u(κ − ς(κ))), (3.41)

in which T =
π

2 , ς(κ) = 2 sin (4κ) , r(κ) =
1

140 sin (4κ) , c(κ) = sin (4κ) , Q(κ) = 0
0.01 cos (4κ)

 , N (κ) =

 −1
4 cos 4κ − 3

4 −1
4 sin 4κ − 1

1 − 1
4 sin 4κ 1

4 cos 4κ − 3
4

 ,

Γ(u(κ)) =

 0
0.1 cos (u(κ))

 , and £(u(κ)) =

 cos (u(κ))
0

 .

• Step1 In this section, we examine the iexistence of a iperiodic isolution. iFor a
isufficiently ismall positive value L = 0.5, equation (3.41) can be rewritten as

d

dκv(κ) − r1(κ)
d

dκ£(v(κ − ℘(κ))

= LQ1(κ) + LN1(κ)v(κ) + LN1(κ)r1(κ)£(v(κ − ℘(κ))

− Lc1(κ)Γ(v(κ)) + Lc1(κ)r1(κ)Γ(v(κ − ℘(κ))), (3.42)

where v(κ) = u(0.5κ), ℓ =
T

L
= π, ℘(κ) =

ς(0.5κ)
L

= 4 sin (2κ) , r1(κ) =
1

140 sin (2κ) ,

c1(κ) = sin (2κ) , r1(κ) =

 0
0.01 cos (2κ)

, N1(κ) =

 −3
4 − 1

4 cos 2κ −1 − 1
4 sin 2κ

1 − 1
4 sin 2κ −3

4 +
1
4 cos 2κ

,
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We will calculate µ with

µ = sup
κ∈[0,ℓ]

(
sup

κ≤s≤κ+ℓ

∣∣∣∣[Υ (s)
(

Υ−1 (ℓ) − I
)

Υ−1 (κ)
]−1∣∣∣∣

∗

)

= sup
κ∈[0,π]

(
sup

κ≤s≤κ+π

∣∣∣∣[Υ (s)
(

Υ−1 (ℓ) − I
)

Υ−1 (κ)
]−1∣∣∣∣

∗

)
,

We have

Υ(κ) = e
∫ κ

0 N1(s)ds =

−e−κ
2 sinκ e−κ cosκ

e−κ
2 cosκ e−κ sinκ

 ,

and

Υ−1(κ) =

−e
1
2κ sinκ e

1
2κ cosκ

eκ cosκ eκ sinκ

 .

We find

[
Υ(s)(Υ−1(π) − I)Υ−1(κ)

]−1

= Υ(κ)(Υ−1(π) − I)−1Υ−1(s)

=

−e−κ
2 sinκ e−κ cosκ

e−κ
2 cosκ e−κ sinκ


 0 −0.04

−0.2 0


−e

1
2s sin s e

1
2s cos s

es cos s es sin s


=

0.2e
1
2s−κ cosκ sin s+ 0.04es−

1
2κ cos s sinκ −0.2e

1
2s−κ cos s cosκ + 0.04es−

1
2κ sin s sinκ

0.2e
1
2s−κ sin s sinκ − 0.04es−

1
2κ cos s cosκ −0.2e

1
2s−κ cos s sinκ − 0.04es−

1
2κ cosκ sin s



Moreover, we have ∥N1∥∗ = sup
κ∈[0,π]

|N |∗ =
9
4 , ∥r1∥ =

1
140 , δ1 =

∥∥∥r′
1
∥∥∥ = 1

70 , γ2 =
∥∥∥1 − ℘′ (κ)

∥∥∥ =
5, |£ (0)| = 1, l = 1 and η1 = 1 + (1 + L ∥N1∥∗) µℓ = 64.62. The differential equation
d

dκv(κ) = LN1(κ)v(κ) is noncritical. Then setting D = 15 and ρ = 0.56, it follows that the

condition of theorem 3.2 holds and thus (3.41) has a π

2 -periodic solution.

• Step2 [Asymptotic stability of periodic solution]. Assigning u∗ as a π

2 -periodic solution
(representing the equilibrium ) for (3.41), and defining v(κ) = u(κ) − u∗(κ), system (3.41)
becomes

d

dκv(κ) − r(κ) d
dκ (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))

= N (κ)v(κ) + N (κ)r(κ) (£ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − £(u∗(κ − ℘(κ))))

− c(κ) (Γ (v (κ) + u∗ (κ)) − Γ(u∗(κ)))

+ c(κ)r(κ) (Γ (v (κ − ℘(κ)) + u∗ (κ − ℘(κ))) − Γ(u∗(κ − ℘(κ)))) . (3.43)
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To determine the constants r and η, it can be shown that

λ = sup
κ≥0

∣∣∣∣∣∣
κ∫

0
Ψ (κ, s) ds

∣∣∣∣∣∣
∗

= sup
κ≥0

∣∣∣∣∣∣
κ∫

0
Θ (κ)Θ−1 (s) ds

∣∣∣∣∣∣
∗

= sup
κ≥0

∣∣∣∣∣∣∣
κ∫

0

 −e−κ
2 sinκ e−κ cosκ

e−κ
2 cosκ e−κ sinκ


 −e

1
2s sin s e

1
2s cos s

es cos s es sin s

 ds
∣∣∣∣∣∣∣
∗

= sup
κ≥0

∣∣∣∣∣∣∣
κ∫

0

 es−κ cos s cosκ + e
1
2 (s−κ) sin s sinκ es−κ cosκ sin s− e

1
2 (s−κ) cos s sinκ

es−κ cos s sinκ − e
1
2 (s−κ) cosκ sin s es−κ sin s sinκ + e

1
2 (s−κ) cos s cosκ

 ds
∣∣∣∣∣∣∣
∗

=
1
20 sup

κ≥0

∣∣∣∣∣∣∣∣


(
9 − 10e−κ cosκ + cos 2κ − 3 sin 2κ + 16 (sinκ) e− 1

2κ
)

(
13 − 10e−κ sinκ + 3 cos 2κ + sin 2κ − 16 (cosκ) e− 1

2κ
)

(
10e−κ cosκ − 13 + 3 cos 2κ + sin 2κ + 8 (sinκ) e− 1

2κ
)

(
9 + 10e−κ sinκ − cos 2κ + 3 sin 2κ − 8 (cosκ) e− 1

2κ
)

∣∣∣∣∣∣∣∣
∗

= 3.7,

and

θ = sup
κ≥0

|Ψ (κ, 0)|∗ = sup
κ≥0

∣∣∣∣∣∣∣
 −e−κ

2 sinκ e−κ cosκ
e−κ

2 cosκ e−κ sinκ


 0 1

1 0


∣∣∣∣∣∣∣
∗

= sup
κ≥0

∣∣∣∣∣∣∣
 (cosκ) e−κ − (sinκ) e− 1

2κ

(sinκ) e−κ (cosκ) e− 1
2κ


∣∣∣∣∣∣∣
∗

= 2.

Thus, it implies the following

Θ(κ) → 0 as κ → ∞, κ − ς(κ) → ∞,

In our case, we know that D = 15, ρ = 0.56, l = 1 and R = 0.1. Let ג = 18, it can be
concluded that all conditions described by the above Theorems 3.4 and 3.5 have been shown to
hold. Therefore the solution of (3.43) fulfills v(κ) → 0 as κ → ∞ and can be said to be stable,
and so system (3.41) exhibits an asymptotically stable periodic solution
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CONCLUSIONS AND PERSECTIVES

In this thesis, we have examined the asymptotic stability as well as existence of periodic
solution for neutral differential system under specific sufficient conditions. Our method is
underpinned by the fixed point method, along with the introduction of novel fixed mappings,
leading us to define new conditions that guarantee such periodic solutions’ existence and
stability. The derived results build upon earlier studies by building on and generalizing prior
work, particularly from neutral differential equations toward the wider context of neutral
differential systems. This investigation highlights the effectiveness of Krasnoselskii’s fixed
point theorem for the analysis of periodicity and stability in systems that possess time delays.
Through transforming the neutral differential system into a corresponding integral system while
applying the fundamental matrix solution alongside Floquet theory, we have been able to define
the conditions which ensure the existence of periodic solution. Finally, we have defined the
conditions under which asymptotic stability can be guaranteed for these solutions, thereby
ensuring their convergence toward zero over time. To demonstrate the applicability of these
theoretical findings, practical examples are provided, validating the derived conditions and
demonstrating their benefit in guaranteeing the stability and existence of periodic solution. In
addition to improving the understanding of dynamical systems featuring time delays, this effort
has the potential for wider application across areas like electrical circuit theory, control systems,
and also biological modeling. In summary, this work provides a comprehensive framework to
assist with the analysis of neutral differential systems, which offers new perspectives and helpful
instruments to be used in investigating such systems as they appear across engineering and
science.

In the future, the results of this thesis can be generalized to delayed neutral differential
equations and systems in extended functional spaces such as Lp-spaces, Sobolav spaces, and
in the time scale, as well as within fractional calculus. From the results discussed in this
thesis, which primarily concern real-world models such as electric circuits, it is evident that
the fixed-point method presented here holds promising prospects. On the other hand, there
are still open research problems awaiting modification and development in fixed-point theory,
such as relaxing the Lipschitz condition and reformulating the convexity condition of the set
in a suitable way that allows solving such problems. Our hope is very high in achieving these
promising prospects.
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